
Model Predictive Control - September 13, 2025 1 https://github.com/meiertobias/eth-mpc

Model Predictive Control
FS25 ETHZ

Juri Pfammatter, Daniel Schweizer and Tobias Meier

This PDF, the source code as well as the disclaimer can
be found in the GitHub repository https://github.com/
meiertobias/eth-mpc.
0 Notation

xi Predicted state at step i

x(i) Real state at step i

Ac Continuous time matrix
Ak Matrix A to the power of k
A Discrete time matrix
1 System Theory

1.1 Models of Dynamic Systems
The basic formulation of a nonlinear, time-invariant,
continuous-time, state space model can be stated as

ẋ = g(x, u)

y = h(x, u)

with

x ∈ Rn state vector
u ∈ Rm input vector
y ∈ Rp output vector
g : Rn × Rm → Rn system dynamics
h : Rn × Rm → Rp output function

1.2 Linearization
The first order Taylor Expansion around an operating point
x̄ of f(x) is given by

f(x) ≈ f(x̄) +
∂f

∂x⊤

∣∣∣∣
x=x̄

(x− x̄)

with

∂f

∂x⊤ =


∂f1
∂x1

∂f1
∂x2

· · · ∂f1
∂xn...

...
∂fn
∂x1

∂fn
∂x2

· · · ∂fn
∂xn


The linearized, time-invariant, continuous-time state space
model around the stationary operating point xs, us can then
be obtained with

ẋ =

Ac∈Rn×n︷ ︸︸ ︷
∂g

∂x⊤

∣∣∣∣xs
us

∆x+

Bc∈Rn×m︷ ︸︸ ︷
∂g

∂u⊤

∣∣∣∣xs
us

∆u

∆y =
∂h

∂x⊤

∣∣∣∣xs
us︸ ︷︷ ︸

C∈Rp×n

∆x+
∂h

∂u⊤

∣∣∣∣xs
us︸ ︷︷ ︸

D∈Rp×m

∆u

where

ẋs = g(xs, us) = 0

ys = h(xs, us)

and

∆x = x− xs

∆u = u− us

∆y = y − ys

∆ẋ = ẋ− ẋs︸︷︷︸
=0

Exact Solution for LTI CT SS Models

x(t) = eA
c(t−t0)x0 +

ˆ t

t0

eA
c(t−τ)Bcu(τ)dτ

where
eA

ct :=

∞∑
n=0

(Act)
n

n!

1.3 Discretization
DT systems are of the general form

x(k + 1) = g(x(k), u(k))

y(k) = h(x(k), u(k))

or for the LTI case

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)

Euler Discretization (Forward)

ẋc ≈ xc(t+ Ts)− xc(t)

Ts

with Ts describing the sampling time, hence

x(k) := xc(t0 + kTs)

u(k) := uc(t0 + kTs)

Then the DT model is given by

x(k + 1) = x(k) + Tsg
c(x(k), u(k)) = g(x(k), u(k))

y(k) = hc(x(k), u(k)) = h(x(k), u(k))

Therefore a LTI system becomes

x(k + 1) =

:=A︷ ︸︸ ︷
(I+ TsA

c)x(k) +

:=B︷ ︸︸ ︷
TsB

c u(k)

y(k) = Cc︸︷︷︸
:=C

x(k) + Dc︸︷︷︸
:=D

u(k)

Exact Discretization of LTI
If the input u is held constant over a sampling interval (ZOH)
one can retrieve an exact discretization of the LTI system

x(tk+1) = eA
cTs︸ ︷︷ ︸

=A

x(tk) +

ˆ Ts

0

eA
c(Ts−τ)Bcdτ︸ ︷︷ ︸

B

u(tk)

with
B = (Ac)

−1
(A− I)Bc

if Ac is invertible.
Solution of DT LTI System
If the input sequence {u(k), . . . , u(k + N − 1)} and the ini-
tial state x(k) is known the the solution for the discrete time
system at time k +N is given by

x(k +N) = ANx(k) +

N−1∑
i=0

AiBu(k +N − 1− i)

which is linear in the input sequence and initial condition.
1.4 LTI DT System Analysis

This section only summarizes the most important proper-
ties. Further details can be found in https://github.com/
MeierTobias/eth-control-systems-2.
1.4.1 Coordinate Transformations

x̃(k) = Tx(k); det(T ) ̸= 0

x̃(k + 1) =

Ã︷ ︸︸ ︷
TAT−1 x̃(k) +

B̃︷︸︸︷
TB u(k)

y(k) = CT−1︸ ︷︷ ︸
C̃

x̃(k) + D︸︷︷︸
D̃

u(k)

1.4.2 Stability
The DT LTI System

x(k + 1) = Ax(k)

is globally asymptotically stable iff

|λj | < 1

for all eigenvalues λj of A.
1.4.3 Reachability and Observability

R ⊆ C, R ⊂ S, O ⊂ D

unstable
modes
∈R
∈O

all
modes

C
{

CT : x0 = 0→ xf
DT : x0 = xf → 0

S R
{

x0 = 0→ xf

D O
{

x0 ← u, y

CT: always
DT: Ad invert.

1.4.4 Controllability
A system is controllable if for any pair of states x(0), x∗ there
exists a finite time N and a control sequence u such that

x(N) = x∗

= ANx(0) +
[
B AB · · · AN−1B

]︸ ︷︷ ︸
=C if n=N


u(N − 1)
u(N − 2)

...
u(0)


The system has a unique solution in u(0) . . . u(N − 1) iff the
controllability matrix

C :=
[
B AB · · · An−1B

]
has full row rank.
Stabilizability iff all uncontrollable modes are stable
· A system is stabilizable if all unstable modes are control-

lable.
· Controllability always implies stabilizability
Stabilizability can be checked in the modal basis or via PBH
test:

rank ([λjI −A | B]) = n ∀λj ∈ Λ+
A ⇒ (A,B) is stabilizable

where Λ+
A is the set of unstable eigenvalues.

Reachability is used for CT systems.
1.4.5 Observability

A system is observable if there exists a finite N such that
for every x(0) the measurements y(0), . . . , y(N − 1) uniquely
distinguish the initial state x(0). The system

y(0)
y(1)

...
y(N − 1)

 =


C
CA

...
CAN−1


︸ ︷︷ ︸
=O if n=N

x(0)

has a unique solution iff the observability matrix

O :=


C
CA
CA2

...
CAn−1


has full column rank.
Detectability iff all unobservable modes are stable
· A system is detectable if all unstable modes are observable.
· Observability always implies detectability.
Detectability can be checked in modal basis or via

if rank
([

A⊤ − λjI | C⊤
])

= n ∀λj ∈ Λ+
A ⇒ (A,C) is detectable

1.5 Nonlinear System Analysis
Lyapunov stability analysis is for instance useful if the lin-
earization yields eigenvalues on the imaginary axis or the unit
circle respectively. Lyapunov functions are often found via
1. definition of general form of the Lyapunov function.
2. search for parameter values via optimization.
1.5.1 Lyapunov Stability

The equilibrium point x̄ of a DT system is Lyapunov stable
iff for every ϵ > 0 there exists a δ(ϵ) such that

∥x(0)− x̄∥ < δ(ϵ)→ ∥x(k)− x̄∥ < ϵ, ∀k ≥ 0

Global Asymptotic Stability
An equilibrium point x̄ of a system is globally asymptotically
stable if it is Lyapunov stable and attractive

lim
k→∞

∥x(k)− x̄∥ = 0, ∀x(0) ∈ R

1.5.2 Global Lyapunov Function
Consider the equilibrium point x̄ = 0. A function V : Rn →
R, continuous at the origin, finite ∀x ∈ Rn, and such that

∥x∥ → ∞⇒ V (x)→∞ (radially unbounded)
V (0) = 0 and V (x) > 0 ∀x ∈ Rn \ {0}

V (g(x))− V (x) ≤ −α(x) ∀x ∈ Rn

where α : Rn → R is continuous positive definite, is called
a Lyapunov function, a system theoretic generalization of
energy. For mechanical systems: total mechanical energy.
1.5.3 Local Lyapunov Function

If the conditions on asymptotical stability only hold on a
closed and bounded, positively invariant set Ω ⊂ Rn and V
is finite ∀x ∈ Ω, then the system is locally asymptotically
stable in Ω, where Ω is also called the region of attraction
(ROA).
1.5.4 Global Lyapunov Stability

If a system admits a Lyapunov function V (x), then x = 0 is
globally asymptotically stable.
If V (x) satisfies the conditions only with α(x) being positive
semidefinite, then x = 0 is globally Lyapunov stable.
1.6 Global Lyapunov Stability of LTI DT System

For the LTI DT system

x(k + 1) = Ax(k)

One can take
V (x) = x⊤Px

as a candidate Lyapunov function with P ≻ 0 (positive defi-
nite). It’s easy to see that it satisfies

V (0) = 0 and V (x) > 0

∥x∥ → ∞⇒ V (x)→∞

To construct the α(x) function the “energy decrease” condi-
tion is used

V (Ax)− V (x) = x⊤A⊤PAx− x⊤Px

= x⊤ (A⊤PA− P
)
x ≤ −α(x)
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If α(x) is chosen as

α(x) = x⊤Qx, Q > 0

the condition can be satisfied if a P > 0 can be found that
solves the discrete-time Lyapunov equation

A⊤PA− P = −Q, Q > 0

The discrete-time Lyapunov equation has a unique solution
P > 0 iff A has all eigenvalues inside the unit circle, i.e. iff
the system x(k + 1) = Ax(k) is stable.
Closed Loop Control
When using LQR, the matrix P that satisfies the DARE equa-
tion also satisfies the Lyapunov equation

(A+BK)
⊤
P (A+BK)− P = −Q, Q ≻ 0

Note that Q is not the stage cost matrix!
1.6.1 Example: Lyapunov Stability for Linear Systems

Given the LTI DT system

x(k + 1) =

[
1 1
0 1

]
x(k) +

[
1
0.5

]
u(k)

with
u(k) = Kx(k) = −

[
0.1160 0.5385

]
x(k)

We choose Q = I and solve the discrete time Lyapunov equa-
tion

(A+BK)
⊤
P (A+BK)− P = −Q

P =

[
3.3921 2.7757
2.7757 7.7136

]
Since V (x) = x⊤Px is a quadratic function, all level sets are
ellipsoids with shape matrix P and the closed loop evolution
can be simulated as shown.

1.6.2 Direct and Indirect Lyapunov Methods

1.6.2.1 Direct Lyapunov Method
The direct method involves finding a Lyapunov function V (x)
and proving that it satisfies the conditions for stability di-
rectly.
1.6.2.2 Indirect Lyapunov Method

The indirect method uses the linearization and Hartman-
Grobman theorem to conclude stability of the nonlinear sys-
tem from the stability of the linearized system in a local neigh-
borhood of the equilibrium point.
2 Unconstrained Linear Quadratic Optimal Control

In this section, DT LTI systems with quadratic cost function
are treated, where the goal is to regulate the state to the
origin, without any state or input constraints.
2.1 Finite Horizon LQR

The unconstrained finite horizon control problem has
the objective of finding a sequence of inputs

U :=
[
u⊤
0 u⊤

1 . . . u⊤
N−1

]⊤
that minimizes the objective function:

J∗(x(0)) := min
U

J(x0, U)

= min
U

(
x⊤
NPxN +

N−1∑
i=0

(x⊤
i Qxi + u⊤

i Rui)

)
subj. to xi+1 = Axi +Bui, i = 0, . . . , N − 1

x0 = x(0)

In practice, the optimization variables include also the state
x0, x1, . . . , xN .
Weight Matrices
· P ⪰ 0, with P = P⊤ is the terminal weight.
· Q ⪰ 0, with Q = Q⊤ is the state weight.
· R ≻ 0, with R = R⊤ is the input weight.
· N is the horizon length.
2.1.1 Batch Approach

The batch approach yields a FFW series U of numerical val-
ues for the input, as a function of x(0). A constrained prob-
lem could theoretically still yield a solution through matrix
inversion, which however might be unfeasible.
Problem Setup
Defining

X : = Sxx(0) + SuU



x0

x1

...

...
xN

 =



1

A
...
...

AN

x(0) +


0 · · · · · · 0
B 0 · · · 0
AB B · · · 0

... . . . . . . 0
AN−1B · · · AB B





u0

u1

...

...
uN−1


and the block diagonal weight matrices

Q := blockdiag(Q, . . . , Q, P ), R := blockdiag(R, . . . , R)

the finite horizon cost J(x(0), U) = X⊤Q̄X+U⊤R̄U becomes
the positive definite quadratic function in U

J(x(0), U) = U⊤HU + 2x(0)
⊤
FU + x(0)

⊤
Sx⊤

QSxx(0)

where H := (Su)
⊤
QSu +R ≻ 0 and F := (Sx)

⊤
QSu

Optimal Control Solution
Setting the gradient to zero yields the optimal control action

U∗(x(0)) = −H−1F⊤x(0)

Note that
· This is linear in x(0).
· H−1 always exists as H ≻ 0 i.e. full rank.
The optimal cost is

J∗(x(0)) = x(0)
⊤
(
(Sx)

⊤
QSx − FH−1F⊤

)
x(0)

2.1.2 Recursive Approach
The recursive approach uses Dynamic Programming (DP) to
compute an optimal policy, i.e. an optimal control action per
state.
2.1.2.1 Bellman’s Principle of Optimality

Bellman’s Principle of Optimality justifies the recursive ap-
proach, stating that:
For any solution for steps 0 to N to be optimal, any solution
for steps j to N with j ≥ 0, taken from the 0 to N solution,
must itself be optimal for the j-to-N problem.
Hence, for any j = 0 . . . N

J⋆
j (xj) = min

uj

J(xi, ui) + J⋆
j+1(xj+1)

subj. to xj+1 = Axj +Buj

2.1.2.2 Optimal Control Method
Problem Setup
We define the j-step optimal cost-to-go (minimum cost after
step j) as the optimal cost attainable for the step j problem

J⋆
j (x(j)) := min

Uj→N

x⊤
NPxN +

N−1∑
i=j

(x⊤
i Qxi + u⊤

i Rui)

subj. to xi+1 = Axi +Bui, i = j, . . . , N − 1

xj = x(j)

Optimal Control Solution
Solving the local subproblem yields the optimal control input

u⋆
i = Fixi

Fi := −(B⊤Pi+1B +R)
−1

B⊤Pi+1A

The optimal cost-to-go is

J⋆
i (xi) = x(i)

⊤
Pix(i)

with cost matrices found from the Discrete Time Riccati equa-
tion / Riccati Difference equation (RDE):

Pi = A⊤Pi+1A+Q−A⊤Pi+1B(B⊤Pi+1B +R)
−1

B⊤Pi+1A

PN = P (init. with terminal weight)

and the full-trajectory optimal cost J∗(x(0)) is

x(0)
⊤
P0x(0)

2.1.3 Comparison: Batch vs. Recursive Approach
Batch Approach
· open-loop control sequence
+ Allows for constraints
- large matrix inversions

Recursive Approach
+ feedback policy → disturbance robustness
2.1.4 Stability of Finite Horizon LQR

Choice of Terminal Weight
There are three common choices for the terminal weight P in
finite horizon LQR to ensure CL stability.
1. Choose P s.t. it matches the infinite horizon LQR solution

P = A⊤PA+Q−A⊤PB(B⊤PB +R)
−1

B⊤PA

2. Choose P assuming no control action after the end of the
finite horizon

x(k + 1) = Ax(k), k = N, . . . ,∞
A⊤PA+Q = P (solve LE for P )

This approach only makes sense if the system is asymptot-
ically stable (or no positive definite solution P will exist).

3. Force both state and input both to be zero after the end

of the finite horizon. No P is needed but the constraint

xi+N = 0

2.2 Receding Horizon LQR

Horizon Length
Stability depends on the choice of the weight matrices Q,R, P
and the horizon length N .

2.2.1 Stability of Receding Horizon LQR
Depending on the specific situation
· receding horizon can result in a stable CL trajectory with

a horizon length that would yield an unstable trajectory
in the OL case. However, receding horizon LQR does not
guarantee a stable CL in general.

· OL control can be sufficient to achieve stability, i.e. reced-
ing horizon is not always needed in theory.

2.3 Infinite Horizon LQR
Problem Setup

J∞(x(0)) = min
u(·)

∞∑
i=0

(
x⊤
i Qxi + u⊤

i Rui

)
subj. to xi+1 = Axi +Bui, i = 0, 1, 2, . . . ,∞,

x0 = x(0)

Optimal Control Solution
Solving the local subproblem yields the optimal control input

u⋆(k) = F∞x(k)

F∞ := −(B⊤P∞B +R)
−1

B⊤P∞A

The optimal cost-to-go is

J∞(x(k)) = x(k)
⊤
P∞x(k)

where P∞ is the solution of the Discrete Time Algebraic
Riccati equation (DARE) (Pi = Pi+1 = P∞)

P∞ = A⊤P∞A+Q−A⊤P∞B(B⊤P∞B +R)
−1

B⊤P∞A

Technical Conditions
Assuming
· (A,B) stabilizable
· (Q

1
2 , A) detectable,

then the RDE (initialized with Q at i = ∞ and solved for
i ↘ 0) converges to the unique positive definite solution
P∞.
2.3.1 Stability of Infinite Horizon LQR

If the technical conditions are fulfilled, the optimal value func-
tion J⋆(x) = xTP∞x = V (x) is a Lyapunov function for the
CL system x+ = (A + BF∞)x, i.e. the system is asymptoti-
cally stable.
This can be shown by substituting the CL dynamics into the
Lyapunov function J⋆(x).
3 Convex Optimization

3.1 Problem Formulation and Terminology

min
x∈dom(f)

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

hi(x) = 0 i = 1, . . . , p

where
x =

[
x1 · · · xn

]⊤
Decision/optimization variable

f : dom(f)→ R Objective function (dom(f) ⊆ Rn)
gi : Rn → R Inequality constraint functions
hi : Rn → R Equality constraint functions
X := {x ∈ dom(f)|gi(x) ≤ 0, hi(x) = 0} Feasible set

Terminology
· Feasible point: point in the feasible set X



Model Predictive Control - September 13, 2025 3 https://github.com/meiertobias/eth-mpc
· Strictly feasible point:

point in the interior of X (i.e., gi(x) < 0)
· Optimal value: p∗ = f(x∗) = min

x∈X
f(x)

· Optimizer:
x∗ that achieves p∗ i.e. f(x∗) ≤ f(x) ∀x ∈ X .
Not necessarily unique.

· Unbounded below: p∗ = −∞
· Infeasible: X = ∅ i.e. p∗ =∞
· Unconstrained: X = Rn

3.1.1 Constraints
gi(x) is active at x̄ if gi(x̄) = 0. Thus, equality constraints
are always active.
A redundant constraint does not change the feasible set.
3.1.2 Optimality
x ∈ X is locally optimal if, for some R > 0

y ∈ X , ∥x− y∥ < R ⇒ f(x) ≤ f(y)

x ∈ X is globally optimal if

f(x) ≤ f(y) ∀y ∈ X

3.2 Convex Sets
A set X is convex iff for any pair of points x and y in X :

λx+ (1− λ)y ∈ X , ∀λ ∈ [0, 1], ∀x, y ∈ X

Convex Combination
Any point x of the form

x = θ1x1 + θ2x2 + ...+ θkxk with θ1 + ...+ θk = 1, θi ≥ 0

is called convex combination of x1, · · · , xk.
3.2.1 Hyperplanes and Halfspaces

A hyperplane is defined by
{
x ∈ Rn | a⊤x = b

}
for a ̸= 0,

where a ∈ Rn is the normal vector to the hyperplane.
A halfspace is everything on one side of a hyperplane{
x ∈ Rn | a⊤x ≤ b

}
for a ≠ 0. It can either be open (strict

inequality) or closed (non-strict inequality).
Hyperplanes are affine and convex, halfspaces are convex.
3.2.2 Polyhedra and Polytopes

Polyhedra and polytopes are always convex.
3.2.2.1 Polyhedra

A polyhedron is the intersection of a finite number of closed
halfspaces:

P :=
{
x | a⊤i x ≤ bi, i = 1, . . . ,m

}
= {x | Ax ≤ b}

where

A :=
[
a1 a2 . . . am

]⊤ and b :=
[
b1 b2 . . . bm

]⊤
3.2.2.2 Polytopes

A polytope is a bounded polyhedron.
Minkowski-Weyl Theorem
For a set P ⊆ Rd, the following are equivalent:
· P is a polytope {x | Ax ≤ b} (bounded)
· P is finitely generated, i.e., these exist a finite set of vectors
{vi} such that P = co({v1, . . . , vs})

3.2.3 Ellipsoids
An ellipsoid is a set defined as

{x | (x− xc)
⊤
A−1(x− xc) ≤ 1}

where xc is the centre of the ellipsoid, and A ≻ 0 (i.e. A is
symmetric and positive definite).
3.2.4 Norm Balls

The norm ball, defined by {x| ||x− xc|| ≤ r} where xc is the
centre of the ball and r ≥ 0 is the radius, is always convex
for any norm.
Euclidian Ball
The Euclidean ball B(xc, r) is a special case of the ellipsoid,
for which A = r2I, so that B(xc, r) := {x|∥x− xc∥2 ≤ r}
3.2.5 Set Operations

The intersection of convex sets is convex, whereas the union
of convex sets is not necessarily convex.
3.2.6 Convex Hull

For any subset S of Rd, the convex hull co(S) is the intersec-
tion of all convex sets containing S, i.e. the smallest convex
set containing S.
Vertex Representation
Given a set of points S = {v1, v2, . . . , vk} ∈ Rd, their convex

hull is

co(S) =
{
x

∣∣∣∣∣x =
∑
i

λivi, λi ≥ 0,
∑
i

λi = 1, ∀i = 1, . . . k

}

3.3 Convex Functions
A function f : dom(f) → R is convex iff dom(f) is convex
and ∀x, y ∈ dom(f)

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y), ∀λ ∈ (0, 1)

In words, a line connecting any two points on the graph of
the function lies above the graph (epigraph).
The function f : dom(f) → R is strictly convex if this in-
equality is strict.
The function f is concave iff dom(f) is convex and −f is
convex.
First Order Condition
A differentiable function f : dom(f) → R with a convex do-
main is convex iff

f(y) ≥ f(x) +∇f(x)⊤(y − x), ∀x, y ∈ dom(f)

i.e. the first-order approximation must be a global underesti-
mator.
Second Order Condition
A twice-differentiable function f : dom (f) → R with convex
domain dom (f) is convex iff

∇2f(x) ≥ 0, ∀x ∈ dom (f), ∇2f(x)ij =
∂2f(x)

∂xi∂xj

f is called strictly convex if dom(f) is convex and the Hes-
sian fulfills

∇2f(x) > 0, ∀x ∈ dom(f)

3.3.1 Level and Sublevel Sets
The level set Lα of a function f for value α is the set of all
x ∈ dom(f) for which f(x) = α:

Lα := {x|x ∈ dom(f), f(x) = α}

For f : R2 → R these are contour lines of constant height.
The sublevel set Cα of a function f for value α is defined
by

Cα := {x|x ∈ dom(f), f(x) ≤ α}

f is convex ⇒ sublevel sets of f are convex ∀α.
But, sublevel sets of f are convex ∀α ⇏ f is convex.
3.3.2 Examples of Convex Functions

Convex
· Affine functions: ax+ b, ∀a, b ∈ R
· Exponential functions: eax ∀a ∈ R
· Powers: xα on domain R++ for α ≤ 0, α ≥ 1
· Vector norms on Rn:

||x||p =

(
n∑

i=1

|x|p
)1/p

, for p ≥ 1

||x||∞ = max
i
|xi|

Convexity Preserving Operations
· Nonnegative weighted sums:

∑n
i=1 θifi(x) for θi ≥ 0

· Composition with an affine function: f(ax+ b)
· Pointwise maximum/supremum: max(f1(x), f2(x))
· Partial minimization
Concave
· Affine functions: ax+ b
· Powers: xα on domain R++ for 0 ≤ α ≤ 1
· Logarithm: log(x) on domain R++

· Entropy: −x log(x) on domain R++

3.4 Convex Optimization Problems

min
x∈dom(f)

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

a⊤i x = bi i = 1, . . . , p

(Ax = b A ∈ Rp×n)
f, gi convex functions
dom(f) convex set
hi(x) = a⊤i x− b affine functions

As a result, the feasible set X is convex.
3.4.1 Local and Global Optimality

For any convex optimization problem, any local optimal so-
lution is globally optimal.
3.4.2 Equivalent Optimization Problems

Two problems are called equivalent if the solution to one can
be (easily) inferred from the solution to the other, and vice
versa.
Introducing Equality Constraints

min f(A0x+ b0)

s.t. gi(Aix+ bi) ≤ 0 i = 1, . . . ,m

is equivalent to

min f(y0)

s.t. gi(yi) ≤ 0, i = 1, . . . ,m

Aix+ bi = yi, i = 0, 1, . . . ,m

Introducing Slack Variables

min f(x)

s.t. Aix ≤ bi, i = 1, . . . ,m

is equivalent to

min f(x)

s.t. Aix+ si = bi, i = 1, . . . ,m

si ≥ 0, i = 1, . . . ,m

3.4.3 Linear Program (LP)

min
x∈Rn

c⊤x

s.t. Gx ≤ h

Ax = b

where the feasible set P is a polyhedron (convex).
For the set of optimizers Xopt, generally, three cases can oc-
cur:
1. Unbounded P is unbounded below
2. Bounded with unique optimizer: Xopt is a singleton.

At least n constraints are active.
3. Bounded with multiple optimizers: Xopt is a

(bounded or unbounded) subset of Rn. At least one con-
straint is active. In this case, the solution is sensitive to
noise.

3.4.4 Quadratic Program (QP)
The general QP

min
x∈Rn

1

2
x⊤Hx+ q⊤x+ r

s.t. Gx ≤ h

Ax = b

is convex if H > 0.
Problems with concave objective H ≺ 0 are quadratic pro-
grams, but hard.
If feasible, in general two cases can occur:
1. Case 1: optimizer lies strictly inside the feasible polyhe-

dron. No constraints active.
2. Case 2: optimizer lies on the boundary of the feasible

polyhedron. At least one constraint active.

3.5 Optimality Conditions

3.5.1 Lagrange Dual Problem
The standard (possibly non-convex) optimization problem

min
x∈dom(f)

f(x)

subject to gi(x) ≤ 0 i = 1, . . . ,m

hi(x) = 0 i = 1, . . . p

with (primal) decision variable x, domain dom(f) and opti-
mal value p∗ can be transformed into a dual problem using
the Lagrangian Function L : dom (f)×Rm ×Rp → R is a
weighted sum of the objective and constraint functions

L(x, λ, ν) = f(x) +

m∑
i=1

λigi(x) +

p∑
i=1

νihi(x)

with
λi ≥ 0

The dual function d is then given by

d(λ, ν) = inf
x∈dom(f)

L(x, λ, ν)

L(x, λ, ν) is affine. Hence, d(λ, ν) (the pointwise infimum in
x) is always a concave function and is a lower bound for p∗

d(λ, ν) ≤ p∗, ∀(λ ≥ 0, ν ∈ Rp)

The dual problem

max
λ,ν

d(λ, ν)

subject to λ ≥ 0
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· is convex (minλ,ν −d(λ, ν)), even if the primal is not.
· has an optimal value d∗ ≤ p∗.
· the point (λ, ν) is dual feasible if λ ≥ 0 and (λ, ν) ∈

dom(d).
· Can often impose the constraint (λ, ν) ∈ dom(d) explicitly.
3.5.1.1 Dual of a Linear Program (LP)

The primal problem is given by

min
x∈Rn

c⊤x

subject to Ax− b = 0

Cx− e ≤ 0

With the dual function

d(λ, ν) = min
x∈Rn

[
c⊤x+ ν⊤(Ax− b) + λ⊤(Cx− e)

]
= min

x∈Rn

[(
A⊤ν + C⊤λ+ c

)⊤
x− b⊤ν − e⊤λ

]
=

{
−b⊤ν − e⊤λ if A⊤ν + C⊤λ+ c = 0

−∞ otherwise

the dual problem is then given by

max
λ,ν
− b⊤ν − e⊤λ

subject to A⊤ν + C⊤λ+ c = 0

λ ≥ 0

this optimal value d∗ is then a lower bound for the primal
problem.

d∗ ≤ p∗

The dual of a linear program is also a linear program.
The dual of a mixed integer linear program (MILP) is a linear
program.
3.5.1.2 Dual of a Quadratic Program (QP)

The primal problem of a QP is

min
x∈Rn

1

2
x⊤Qx+ c⊤x

subject to Cx− e ≤ 0

Q ≻ 0

the dual function is therefore

d(λ) = min
x∈Rn

[
1

2
x⊤Qx+ c⊤x+ λ⊤(Cx− e)

]
= min

x∈Rn

[
1

2
x⊤Qx+ (c+ C⊤λ)

⊤
x− e⊤λ

]
for which the unconstrained minimization over x is convex
for every λ. To get the optimal x the dual function is differ-
entiated and set equal to zero (requires Q > 0)

Qx+ c+ C⊤λ = 0⇔
x = −Q−1(c+ C⊤λ)

This can then be substituted into the dual function

d(λ) = −1

2

(
c+ C⊤λ

)⊤
Q−1

(
c+ C⊤λ

)
− e⊤λ

hence the dual problem is to maximize d(λ) over λ ≥ 0, or
equivalently

min
λ

1

2
λ⊤CQ−1C⊤λ+

(
CQ−1c+ e

)⊤
+

1

2
c⊤Q−1c

subject to λ ≥ 0

The dual problem of a QP is another QP.
3.5.2 Weak and Strong Duality

Duality Gap:
p∗ − d∗

Weak Duality
It is always true that

d∗ ≤ p∗.

Strong Duality
It is sometimes true that

p∗ = d∗.

For non-convex problems this is usually not given.
Slater Condition
If for an optimization problem f and all gi are convex, i.e.
the problem is convex, then the Slater condition states:
If there exists at least one strictly feasible point, i.e.

{x|Ax = b, gi(x) < 0, ∀i ∈ {1, . . . ,m}} ̸= ∅

this always implies strong duality.
3.5.3 Karush-Kuhn-Tucker (KKT) Conditions

Assume that f , all gi and hi are differentiable.
1. Primal Feasibility:

gi(x
∗) ≤ 0 i = 1, . . . ,m

hi(x
∗) = 0 i = 1, . . . , p

2. Dual Feasibility:
λ∗ ≥ 0

3. Complementary Slackness:

λ∗
i gi(x

∗) = 0 i = 1, . . . ,m

implying

λ∗
i = 0 for every gi(x

∗) < 0.

gi(x
∗) = 0 for every λ∗

i > 0

4. Stationarity:

∇xL(x
∗, λ∗, ν∗) = ∇f(x∗) +

m∑
i=1

λ∗
i∇gi(x∗)

. . .+

p∑
i=1

ν∗i∇hi(x
∗) = 0

Convex Problems
Iff (x∗, λ∗, ν∗) satisfy the KKT conditions, then they are op-
timal and Slater’s condition holds, hence strong duality holds

p∗ = d∗.

General Problems
For a general optimization problem there is only a necessary
condition that states:
If x∗ and (λ∗, ν∗) are primal and dual optimal solutions and
strong duality holds, then x∗ and (λ∗, ν∗) satisfy the KKT
conditions.
3.5.3.1 Example: KKT Conditions for a QP

Given the following QP

min
x∈Rn

1

2
x⊤Qx+ c⊤x

subject to Ax = b

x ≥ 0

Q ⪰ 0

The Lagrangian is

L(x, λ, ν) =
1

2
x⊤Qx+ c⊤x+ ν⊤(Ax− b)− λ⊤x

The KKT conditions are:

∇xL(x, λ, ν) = Qx+A⊤ν − λ+ c = 0 KKT 4
Ax = b KKT 1
x ≥ 0 KKT 1
λ ≥ 0 KKT 2

xiλi = 0 i = 1 . . . n KKT 3

3.5.4 Sensitivity Analysis
To analyze the sensitivity of a solution one can add a per-
turbation term to the constraints. The perturbed primal be-
comes

min
x

f(x)

subject to gi(x) ≤ ui

hi(x) = vi

and the corresponding dual

max
λ,ν

d(λ, ν)− u⊤λ− v⊤ν

subject to λ ≥ 0

where u and v represent the perturbation.
In the case where strong duality holds for the unperturbed
problem, the weak duality of the perturbed problem implies

p∗(u, v) ≥ d∗(λ∗, ν∗)− u⊤λ∗ − v⊤ν∗

= p∗(0, 0)− u⊤λ∗ − v⊤ν∗

Global Sensitivity Analysis
If a (large) Lagrangian multiplier and the corresponding per-
turbation have opposite sign, the problem is sensitive to the
perturbation. In particular,

λ∗
i large and ui < 0 ⇒ (i)

λ∗
i small and ui > 0 ⇒ (ii){

ν∗ large and positive and vi < 0
ν∗ large and negative and vi > 0

}
⇒ (i){

ν∗ small and positive and vi > 0
ν∗ small and negative and vi < 0

}
⇒ (ii)

(i) p∗(u, v) increases greatly
(ii) p∗(u, v) does not decrease much
Local Sensitivity Analysis
If in addition p∗(u, v) is differentiable at (0, 0), then

λ∗
i = −∂p∗(0, 0)

∂ui
, ν∗i = −∂p∗(0, 0)

∂vi
,

where
· λ∗

i is the sensitivity of p∗ relative to ith inequality.
· ν∗i is the sensitivity of p∗ relative to ith equality.

4 Constrained Finite Time Optimal Control (CFTOC)

4.1 Constrained Linear Optimal Control
For a linear model the CFTOC problem is given by

J∗(x(k)) =min
U

If (xN ) +

N−1∑
i=0

I(xi, ui)

subject to xi+1 = Axi +Bui, i = 0, . . . , N − 1

xi ∈ X , ui ∈ U , i = 0, . . . , N − 1

xN ∈ Xf

x0 = x(k)

where I(xi, ui) is the stage cost, If (xN ) represents an ap-
proximation of the tail cost and Xf of the tail constraints,
respectively. N is the time horizon and X ,U ,X f are polyhe-
dral regions.
Feasible Set
The feasible set describes a set of initial states for which the
optimal control problem is feasible. It is defined only by the
constraints and not by the cost:

XN = {x0 ∈ Rn|∃ (u0, . . . , uN−1) such that xi ∈ X , ui ∈ U
i = 0, . . . , N − 1, xN ∈ Xf ,where xi+1 = Axi +Bui}

Or in other words, the feasible set describes initial conditions
from which it is possible to get into the final set Xf within
N − 1 steps.
In the convex case, the convex hull of a set of feasible solu-
tions can be used as approximation of XN .
4.1.1 Quadratic Cost CFTOC

The cost function that incorporates a squared euclidean norm
is composed of

If (xN ) = xT
NPxN

I(xi, Ui) = x⊤
i Qxi + u⊤

i Rui

with P ⪰ 0, Q ⪰ 0, R ≻ 0.
The quadratic cost CFTOC problem

J∗(x(k)) =min
U

xT
NPxN +

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui

subject to xi+1 = Axi +Bui, i = 0, . . . , N − 1

xi ∈ X , ui ∈ U , i = 0, . . . , N − 1

xN ∈ Xf

x0 = x(k)

can be transformed into a QP problem

min
z∈Rn

1

2
z⊤Hz + q⊤z + r

subject to Gz ≤ h

Az = b

either with (4.1.1.2) or without (4.1.1.1) substitution of the
future states X.
Notation
In the following we use
· nx: dimension of state space
· nu: dimension of input
· nz: dimension of z for 4.1.1.1
· nw: dimension of w for 4.1.1.2
· nin,x: number of state inequality constraints
· nin,u: number of input inequality constraints
4.1.1.1 Construction of QP Without Substitution

This approach keeps the state equations as equality con-
straints. The CFTOC problem is transformed into the QP
problem parametrized in the initial condition x(k)

J∗(x(k)) =min
z

[
z⊤ x(k)

] [H̄ 0
0 Q

]
︸ ︷︷ ︸

H̃

[
z⊤ x(k)

⊤
]⊤

subject to Ginz ≤ win + Einx(k)

Geqz = Eeqx(k)

where

z =
[
x⊤
1 · · · x⊤

N u⊤
0 · · · u⊤

N−1

]⊤ ∈ Rnz=N(nx+nu)

and H̃ ∈ R(nz+nx)×(nz+nx) ≥ 0 as J(x(k), U) ≥ 0 by assump-
tion.
Cost
The cost submatrix H̄ is

H̄ =



Q
. . .

Q
P

R
. . .

R


This can be constructed using the Matlab function
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barH = blkdiag(kron(eye(N-1),Q),P,kron(eye(N),R))
Equality Constraints
The equalities are given from the system dynamics

xi+1 = Axi +Bui

can be rewritten as

Geqz = Eeqx(k)

with

Geq =


I −B

−A I −B

. . . . . .
−A I −B

 ∈ RN·nx×nz

Eeq =
[
A⊤ 0 · · · 0

]⊤ ∈ RN·nx×nx

Inequality Constraints
The inequality constraints

X = {x|Axx ≤ bx}
U = {u|Auu ≤ bu}
Xf = {x|Afx ≤ bf}

can be rewritten as

Ginz ≤ win + Einx(k)

with

Gin ∈ R(nin,x+nin,u)×nz

=



0 0
Ax 0

. . . . . .
Ax 0

Af 0
0 Au

. . . Au

0
. . .

0 Au



win ∈ R(nin,x+nin,u)×1, Ein ∈ R(nin,x+nin,u)×nx

win =



bx

bx
...
bx
bf

bu
bu
...
bu
bu



, Ein =



−Ax

0
...
0
0

0
0
...
0
0


4.1.1.2 Construction of QP With Substitution

The future states are only dependent on the current state and
the applied input sequence. Hence they can be uniquely con-
structed from these and can therefore be substituted. To do
so the same method as for the LQR batch approach (2.1.1) is
used:

x1

x2

...
xN


︸ ︷︷ ︸

X∈RN·nx

=


A
A2

...
AN


︸ ︷︷ ︸

Sx

x(k) +


B 0 · · · 0
AB B · · · 0

... . . . . . . 0
AN−1B · · · AB B


︸ ︷︷ ︸

Su∈R(N·nx)×(N·nu)


u0

u1

...
uN−1


︸ ︷︷ ︸

U

X =Sxx(k) + SuU

Cost
By substituting the X vector in the cost function of 4.1.1.1,
one can rewrite the cost only depending on U and x(k)
(parametrized in the initial condition)

J∗(x(k), U) =min
U

[
U⊤ x(k)

⊤
] [

H F⊤

F Y

]
︸ ︷︷ ︸

H̃

[
U⊤ x(k)

⊤
]⊤

subject to GU ≤ w + Ex(k)

where H̃ ∈ R(N ·nu+nx)×(N ·nu+nx) ≥ 0 since J(x(k), U) ≥ 0
by assumption.
Inequality Constraints
The inequality constraints

X = {x|Axx ≤ bx}
U = {u|Auu ≤ bu}
Xf = {x|Afx ≤ bf}

can be rewritten as

GU ≤ w + Ex(k)

with

G ∈ R(nin,u+nin,x)×(N ·nu)

=



Au 0 · · · 0
0 Au · · · 0
...

... . . . ...
0 0 · · · Au

0 0 · · · 0
AxB 0 · · · 0
AxAB AxB · · · 0

...
... . . . ...

AfA
N−1B AfA

N−2B · · · AfB


w ∈ R(nin,u+nin,x)×1, E ∈ R(nin,u+nin,x)×nx

w =



bu
bu
...
bu

bx
bx
bx
...
bf


, E =



0
0
...
0

−Ax

−AxA
−AxA

2

...
−AfA

N


Note that w is structurally different to win from 4.1.1.1.
4.1.1.3 Comparison: Substitution vs. No Substitution

Substitution No Substitution

# opt. vars. Nnu N(nx + nu)

benefits less opt. vars.
less constraints sparse constr. (∝ N)

drawbacks complicated constr. more opt. vars.
more constr. (∝ N2)

Note that substitution transforms input constraints into state
constraints, making them more involved in general. Hence,
no substitution is often preferable. For small N and large nx

however, substitution can be more efficient.
4.1.1.4 State Feedback Solution

As nx >= 1, the CFTOC problem is a multiparametric
quadratic program (mp-QP) in general with the follow-
ing solution properties:
· u∗

0 is of the form (nonlinear feedback policy)

u∗
0 = κ(x(k)), ∀x(k) ∈ X0

with κ : Rn → Rm cont., piecewise affine on polyhedra

κ = κ(x) = F jx+ gj , if x ∈ CRj , j = 1, · · · , Nr

· The polyhedral sets for the individual control laws

CRj = {x ∈ Rn|Hjx ≤ Kj}, j = 1, · · · , Nr

are a partition of the feasible polyhedron X0.
· J∗(x(k)) is convex, piecewise quadratic on polyhedra.
Explicit MPC addresses how to compute this solution.

4.1.2 1-Norm and ∞-Norm Cost CFTOC
The 1-norm and ∞-norm cost CFTOC can be transformed
into LPs of the form

min
z∈Rn

CT z

subj. to Gz ≤ h

Az = b

The key method is to reformulate the problem in epigraph
form using auxiliary variables.
4.1.2.1 l∞ Minimization

The constrained ℓ∞ (Chebyshev) minimization problem is:

min
x∈Rn

∥x∥∞

subj. to Fx ≤ g

The peak absolute value in x is the largest value of all
{−xi, xi}. Hence, the cost can be rewritten as maximum
of linear functions

min
x∈Rn

[max{x1, . . . , xn,−x1, . . . ,−xn}]

Auxiliary Variable Formulation
In order to obtain a LP, one uses an equivalent formulation
with one auxiliary variable t:

min
x,t

t

subj. to − 1t ≤ x ≤ 1t
Fx ≤ g

where 1 indicates a vector of ones and −1t ≤ x ≤ 1t bounds
the absolute value of every element of x with a common scalar
variable t.
Application to CFTOC
The∞-norm minimization CFTOC reformulation introduces
a scalar auxiliary variable for each state of the trajectory

z := {εx0 , . . . , εxN , εu0 , . . . , ε
u
N−1, u

⊤
0 , . . . , u

⊤
N−1} ∈ Rs,

s := (m+ 1)N +N + 1

This yields the ∞-norm minimization CFTOC cost

min
z

εx0 + · · ·+ εxN + εu0 + · · ·+ εuN−1

Using

xi = Aix0 +

i−1∑
j=0

AjBui−1−j

xN = ANx0 +

N−1∑
j=0

AjBuN−1−j

the state and input norm constraints amount to

subj. to − 1nεxi
≤ ±Qxi,

− 1rεxN
≤ ±PxN ,

− 1mεui
≤ ±Rui

The problem results in the following standard LP:

min
z

c⊤z

subj. to Ḡz ≤ w̄ + S̄x(k),

Ḡ =

[
Gε Gu

0 G

]
, S̄ =

[
Sε

S

]
, w̄ =

[
wε

w

]
Using this formulation, given x(k), the optimal control se-
quence U∗ can be obtained via an LP solver.
General Formulation

y =

[
x
z

]
∈ R(n+1)

min
x
∥Ax∥∞ ⇔ min

y

[
0 1

]
y

s.t.
[
A −1
−A −1

]
y ≤ 0

4.1.2.2 l1 Minimization
The constrained ℓ1 minimization problem is defined as:

min
x∈Rn

∥x∥1

subj. to Fx ≤ g

again using the maximum of linear functions method yields

min
x∈Rn

[
m∑
i=1

max{xi,−xi}

]

Auxiliary Variable Formulation The equivalent formulation
introduces a vector of auxiliary variables t ∈ Rn, yielding

min
x∈Rn,t∈Rn

1⊤t,

subj. to − t ≤ x ≤ t,

Fx ≤ g

The constraint −t ≤ x ≤ t bounds the absolute value of each
component of x with each component of the vector variable t.
Application to CFTOC

z := {(εx0)
⊤
, . . . , (εxN )

⊤
, (εu0 )

⊤
, . . . , (εuN−1)

⊤
, u⊤

0 , . . . , u
⊤
N−1}

z ∈ Rs with s := n(N + 1) + 2mN

min
z

1⊤εx0 + · · ·+ 1⊤εxN + 1⊤εu0 + · · ·+ 1⊤εuN−1

subj. to − εxi
≤ Qxi ≤ εxi

− εxN
≤ PxN ≤ εxN

− εui ≤ Rui ≤ εui

General Formulation

y =

[
x
z

]
∈ R(n+N)

min
x
∥Ax∥1 ⇔ min

y

[
0 1⊤

]
y

s.t.
[
A −I
−A −I

]
y ≤ 0

4.1.2.3 l1, l∞ State Feedback Solution
The CFTOC problem

min
z∈Rn

cT z

subj. to Ḡz ≤ w̄ + S̄x(k)

is again a mp-LP with the following solution properties:
· u∗

0 has the form:

u∗
0 = κ(x(0)), ∀x(0) ∈ X0,
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where κ : Rn → Rm is cont. piecewise affine on polyhedra:

κ(x) = F jx+ gj , if x ∈ CRj , j = 1, . . . , N r

· The polyhedral sets

CRj = {x ∈ Rn | Hjx ≤ Kj}, j = 1, . . . , N r

are a partition of the feasible polyhedron X0.
· In case of multiple optimizers, a piecewise affine control

law exists.
· The value function J∗(x(0)) is convex and piecewise

affine on polyhedra.
Location of Optimizer in State Space
The type of cost function influences the location of the opti-
mizer in state space. See
· 3.4.3 for LP
· 3.4.4 for QP
4.2 Common Constraints
4.2.1 Polytopic Constraints

Input Constraints

umin ≤ u ≤ umax ⇔
[
−I
I

]
u ≤

[
−umin
umax

]
Rate Constraints

∥xK − xk+1∥∞ ≤ α ⇔
[
I −I
−I I

] [
xk

xk+1

]
≤ 1α

Magnitude Constraints

∥Cxk∥∞ ≤ α ⇔
[
C
−C

]
xk ≤ 1α

5 Invariance
Limitations of Linear Controllers
The region in which a linear controller never violates state
and input constraints is very limited.

Nonlinear control (MPC) can be used to increase the region,
for which constraints can always be satisfied.
5.1 Invariance

The concept of invariance is used to access constraint satis-
faction, for
· an autonomous system x(k + 1) = g(x(k))
· or a CL system x(k + 1) = g(x(k), κ(x(k))), given a con-

troller κ.
5.1.1 Invariant Sets

Positively Invariant Set
A set O is said to be a positively invariant set for an au-
tonomous system if

x(k) ∈ O ⇒ x(k + 1) ∈ O, ∀k ∈ {0, 1, . . . }

Hence, if O is within the constraints, it provides a set of ini-
tial states from which the trajectory will never violate the
system constraints.
Maximal Positively Invariant Set O∞
The set O∞ ⊂ X is the maximal positively invariant set with
respect to X if O∞ is positively invariant and O∞ contains
all positively invariant sets.
O∞ is the set of all states for which the system will remain
feasible once in O∞.
Geometric Condition for Invariance
A set O is a positively invariant set if and only if

O ⊆ pre(O)

Note that

O ⊆ pre(O) ⇐⇒ pre(O) ∩ O = O

5.1.2 Pre-Sets
Given a set S and the dynamic system x(k + 1) = g(x(k)),
the pre-set of S is the set of states that evolve into the target
set S in one time step:

pre(S) := {x | g(x) ∈ S}

Linear Autonomous Systems
Given x(k + 1) = Ax(k), the condition is

pre(S) := {x | Ax ∈ S}

In the constraint case S := {x | Fx ≤ f}, this yields

pre(S) = {x | FAx ≤ f}

5.1.3 Computing Invariant Sets
A conceptual algorithm to calculate invariant sets is

Input: g, X

Output: O∞
Ω0 ← X

while true do
Ωi+1 ← pre(Ωi) ∩ Ωi

if Ωi+1 = Ωi then
return O∞ = Ωi

This algorithm generates the set sequence {Ωi} satisfying
Ωi+1 ⊆ Ωi for all i ∈ N and terminates when Ωi+1 = Ωi,
where Ωi is the maximal positively invariant set O∞ for
x(k + 1) = g(x(k)).
5.2 Control Invariance
5.2.1 Control Invariant Sets

A set C ⊆ X is said to be a control invariant set if

x(k) ∈ C ⇒ ∃u(k) ∈ U
such that g(x(k), u(k)) ∈ C for all k ∈ N+

If this set is feasible (wrt. constraints) then we can be sure
that the constraints will be satisfied for all time under the
given control law.
Maximal Control Invariant Set C∞
The set C∞ is said to be the maximal control invariant set for
the system x(k+1) = g(x(k), u(k)) subject to the constraints
(x, u) ∈ X × U if it is control invariant and contains all
control invariant sets contained in X .
For all states contained in the maximal control invariant set
C∞, there exists a control law such that the system constraints
are never violated.
5.2.2 Conceptual Calculation of Control Invariant Sets

The concept of a pre-set extends to systems with exogenous
inputs:

pre(S) := {x | ∃u ∈ U s.t. g(x, u) ∈ S}

A set C is a control invariant set if and only if C ⊆ pre(C).
The same algorithm as for positively invariant sets can be
used but the calculation of the pre-set is much more compli-
cated.
Pre-set Computation for Constrained LTI System
Consider the system x(k + 1) = Ax(k) + Bu(k) under the
constraints

u(k) ∈ U := {u | Gu ≤ g}
S := {x | Fx ≤ f}

The preset can be computed as

pre(S) = {x | ∃u ∈ U , Ax+Bu ∈ S}
= {x | ∃u ∈ U , FAx+ FBu ≤ f}

=

{
x | ∃u,

[
FA FB
0 G

] [
x
u

]
≤
[
f
g

]}
which is a projection operation.
Properties
· An entire set of states can map into each point
· The pre-set is a lot larger (positive), but much more diffi-

cult to compute
· The maximum control invariant set is the best any con-

troller can do.
5.2.2.1 Usefulness

If one can compute a control invariant set, it provides a direct
method for synthesizing a control law that will satisfy con-
straints. However, calculating the maximal control invariant
set is often too complex in the case of linear systems and even
more difficult for nonlinear ones. MPC implicitly describes
a (suboptimal) control invariant set such that it’s easy to
represent and compute.
Linear System / Polyhedral Constraints
In this special case one can e.g. choose
· Polyhedral invariant set (can represent maximum control

invariant set, resulting QP can be very complex due to
many inequalities)

· Ellipsoidal invariant set (smaller than polyhedral, but eas-
ier to compute, resulting quadratically constrained QP has
fixed complexity)

5.2.2.2 Control Laws from Control Invariant Sets
Let C be a control invariant set for the system x(k + 1) =
g(x(k), u(k)).
A control law κ(x(k)) guarantees that the system x(k+1) =
g(x(k), κ(x(k))) will satisfy the state constraints for all time
if it respects the control invariant set, i.e.:

g(x, κ(x)) ∈ C ∀x ∈ C

Therefore, we can synthesize a control law from a control in-
variant set by solving the following optimization problem:

κ(x) := arg min{f(x, u) | g(x, u) ∈ C, u ∈ U},

where f is any function (including f(x, u) = 0).
Note: This ensures that the system will satisfy the con-
straints, but it does not guarantee convergence.

5.3 Computation of Simple Invariant Sets
This subsection specifies how to compute the intersection of
two sets and the equality test needed in 5.1.3.
5.3.1 Polytopes

5.3.1.1 Intersection
Computing polytope intersections in vertex form is difficult.
In inequality form however, one directly gets

S ∩ T =

{
x

∣∣∣∣∣
[
C
D

]
x ≤

[
c
d

]}

5.3.1.2 Equality Test (Subset Test)
P = {x | Cx ≤ c} is a subset of Q = {x | Dx ≤ d} if for each
row, the support function is a subset of D:

hP (Di) ≤ di

where the support (extremum of P in direction Di) is defined
as

hp(Di) :=max
x

Dix

s.t. Cx ≤ c

5.3.2 Ellipsoids
Invariant ellipsoidal sets with its center in the origin, can di-
rectly be computed from Lyapunov functions.
If V : Rd → R is a Lyapunov function for the system
x(k + 1) = g(x(k)), then the sublevel set

Yα = {x | V (x) ≤ α}

is an invariant set for all α ≥ 0.
5.3.2.1 Linear Systems

For linear systems x(k + 1) = Ax(k), the Lyapunov function
V (x) = x⊤Px (with P ≻ 0 and A⊤PA − P ≺ 0) yields the
ellipsoidal invariant set

Yα =
{
x | x⊤Px ≤ α

}
⊂ X = {x | Fx ≤ f}

Maxmium Invariant Set
If we want to find the largest such Yα, we must solve

max
α

α

s.t. hYα
(Fi) ≤ fi

∀i ∈ {1, ..., n}

with the support of an ellipse

hYα(Fi) = ∥P−1/2FT
i ∥
√
α

The largest ellipse Yα in a polytope X can now be computed
with a 1D optimization problem

α∗ = min
i∈{1,...,n}

f2
i

FiP−1F⊤
i

Note that this only computes the largest ellipsoid with the
center in the origin and a fixed shape P (left image).

6 Feasibility and Stability
Using LQR in constrained systems can e.g. lead to input sat-
uration and instability. However, even MPC does not guar-
antee feasibility and stability per se. In particular, in finite
horizon MPC
· Decrease in the prediction horizon can cause loss of stabil-

ity properties.
· Depending on the initial condition, the CL trajectory may

lead to states for which the optimization problem is infea-
sible after some steps, even without disturbance or model
mismatch.

If we (could) solve the ∞-horizon control problem:
· problem is feasible→ closed loop trajectories will be always

feasible.
· the cost is finite → states and inputs will converge asymp-

totically to the origin.
i.e. OL and CL would be identical.
The goal of this section is hence to approximate the infinite
horizon MPC to get feasibility and stability guarantees.
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6.1 Zero Terminal Constraint

Given the terminal constraint xN = 0.
6.1.1 Feasibility

Assume feasibility for x(k) with optimal solution

{u∗
0, u

∗
1, . . . , u

∗
N−1}, {x(k), x∗

1, x
∗
2, . . . , x

∗
N}

Applying the first control input u∗
0 to the system, the state

will evolve as

x(k + 1) = Ax(k) +Bu(k) = Ax(k) +Bu∗
0 = x∗

1

it follows directly that the sequence

Ũ = {u∗
1, . . . , u

∗
N−1, 0} → X̃ = {x∗

1, . . . , x
∗
N , Ax∗

N +BuN︸ ︷︷ ︸
0

}

is feasible too. And therefore, recursive feasibility is guaran-
teed and the feasible set is control invariant.
6.1.2 Stability

Using the same (suboptimal) sequence x̃ as above, the cost is
given by

J∗(x(k + 1)) ≤ J̃(x(k + 1))

=

N−1∑
i=1

I(x∗
i , u

∗
i ) + I(x∗

N , 0)

=

N−1∑
i=0

I(x∗
i , u

∗
i )︸ ︷︷ ︸

J∗(x(k))

− I(x∗
0, u

∗
0)︸ ︷︷ ︸

≥0

+ I(x∗
N , 0)︸ ︷︷ ︸
0

≤ J∗(x(k))

6.2 Terminal Subset Constraint
The terminal constraint xN = 0 reduces the size of the fea-
sible set. By using a convex set Xf as terminal constraints
for which a local control law is known (can be constructed),
that has a finite cost to stay in this set, one can increase the
region of attraction and hence the feasible set.
6.2.1 Stability and Recursive Feasibility: Main Result

To guarantee stability and recursive feasibility the following
three properties have to hold:
S1.1 Stage cost is positive definite, i.e. it is strictly positive

and only zero at the origin.
S1.2 The terminal set Xf is invariant under the local control

law κf (xi):

xi+1 = Axi +Bκf (xi) ∈ Xf , ∀ xi ∈ Xf

All state and input constraints are satisfied in Xf :

Xf ⊆ X , κf (xi) ∈ U , ∀ xi ∈ Xf

S1.3 The terminal cost is a continuous Lyapunov function
in the terminal set Xf and satisfies:

If (xi+1)− If (xi) ≤ −I(xi, κf (xi)), ∀ xi ∈ Xf

where 1. & 2. ensure recursive feasibility, 3. ensures stability.
Under those three assumptions:
The closed-loop system under the MPC control law u∗

0(x) is
asymptotically stable and the set XN (region of attraction)
is positive invariant (and equal to the feasible set) for the
system

x(k + 1) = Ax(k) +Bu∗
0(x(k)).

This also generalizes to nonlinear system dynamics

x(k + 1) = g(x(k), u∗
0(x(k)))

but there the computation of the terminal set Xf and the
function If can be very difficult.
6.2.2 Choice of Terminal Sets and Cost
1. Design a local control law κf around x = 0.
2. Determine the terminal cost to stay in that set under the

local control law.
3. Compute the maximum invariant set for the closed loop

system under the local control law hence Xf .
6.2.2.1 Linear System, Quadratic Cost

For a linear system with quadratic cost

J∗(x(k)) = min
U

x⊤
NPxN +

N−1∑
i=0

x⊤
i Qxi + u⊤

i RuI

s.t. xi+1 = Axi +Bui, i = 0, . . . , N − 1

xi ∈ X , uk ∈ U , i = 0, . . . , N − 1

xN ∈ Xf

x0 = x(k)

one can design an unconstrained LQR controller as the local
control law κf (xk) = F∞xk

F∞ = −
(
B⊤P∞B +R

)−1
B⊤P∞A

where the solution to the DARE P∞ can be chosen as the
terminal weight P .
Then compute the terminal set Xf to be the maximum in-
variant set for the closed-loop system xk+1 = (A+BF∞)xk:

xk+1 = Axk +BF∞(xk) ∈ Xf , ∀ xk ∈ Xf

where all state and input constraints are satisfied in Xf :

Xf ⊆ X , F∞xk ∈ U , ∀ xk ∈ Xf

This means, compute Xf for the CL system (A+BF∞), with
constraints

Xcl :=

{
x

∣∣∣∣[ Ax

AuF∞

]
x ≤

[
bx
bu

]}
This is the invariant terminal set used in the MPC.
Note that this setup fulfills the conditions from the stability
and Recursive Feasibility Theorem 6.2.1.
6.2.2.2 Horizon Length Versus Feasible Set

For an MPC without terminal constraint, increasing N
shrinks the feasible set, as more constraints are added. One
has

XN+j ⊆ XN

For an MPC with terminal constraint, with larger N , the
feasible set and region of attraction grow. The region of at-
traction ultimately approaches the maximum control invari-
ant set. One has

XN ⊆ XN+j

Intuition: Given a trajectory with horizon length N , we can
extend the trajectory arbitrarily using the control law κi(x),
while still obtaining feasible solutions.
Practical Note
In practice, one can enlarge N and check stability by sam-
pling.
7 Practical MPC
7.1 Reference Tracking

A common task is to track a non-zero output set-point.
For a linear system with constraints, one can define the track-
ing task of the reference r as

z(k) = Hx(k)→ r ∈ Rnr as k →∞.

where z(k) are the outputs that have to follow r.
Note: The following concepts apply to piecewise constant
references and not to general time-varying ones.
7.1.1 Steady-State Target Problem

The reference is achieved by the target state xs if

zs = Hxs = r.

The target state should be a steady state, such that there
exists an input that keeps the system at the target, i.e.

xs = Axs +Bus

hence the target conditions become
xs = Axs +Bus

Hxs = r
⇔

[
I −A −B
H 0

]
︸ ︷︷ ︸

(nx+nr)×(nx+nu)

[
xs

us

]
=

[
0
r

]

which can be easily solved for (xs, us).
Multiple Solutions
It is possible that there exist multiple feasible (xs, us) for a
given reference r. Then the cheapest steady state can be used

min u⊤
s Rsus

s.t.
[
I −A −B
H 0

] [
xs

us

]
=

[
0
r

]
xs ∈ X , us ∈ U .

No Solution
If no solution exists, then the reachable set point that is clos-
est to r can be computed

min (Hxs − r)
⊤
Qs (Hxs − r)

s.t. xs = Axs +Bus

xs ∈ X , us ∈ U .

Note that us is unique in this case.
7.1.2 Tracking Formulation

A commonly-used formulation for tracking MPC cost is

min
U
∥zN −Hxs∥2Pz

+

N−1∑
i=0

∥zi −Hxs∥2Qz
+ ∥ui − us∥2R

7.1.3 Delta-Formulation for Tracking
By introducing the delta formulation the tracking problem is
transformed to the origin and therefore can be treated like a

normal MPC problem.
The deviation variables are given by

∆x = x− xs

∆u = u− us

which results for a linear system in a system model

∆xk+1 = xk+1 − xs

= Axk +Buk − (Axs +Bus)

= A∆xk +B∆uk

and the constraints become

Gxx ≤ hx ⇒ Gx∆x ≤ hx −Gxxs

Guu ≤ hu ⇒ Gu∆u ≤ hu −Guus.

Resulting Optimization Problem
The complete problem in Delta-Formulation then looks like

∆U∗ = arg min
∆U

N−1∑
i=0

∆x⊤
i Q∆xi +∆u⊤

i R∆ui + Vf (∆xN )

s.t. ∆x0 = ∆x(k) = x(k)− xs

∆xi+1 = A∆xi +B∆ui

Gx∆xi ≤ hx −Gxxs

Gu∆ui ≤ hu −Guus

∆xN ∈ Xf

where xs, us is assumed to be determined beforehand by 7.1.1.

where the final input to the system is

u∗
0 = ∆u∗

0 + us.

Note that if the target steady-state is uniquely defined by
the reference, we can also include the target condition as a
constraint in the MPC problem.
7.1.4 Convergence

Assume target is feasible with xs ∈ X , us ∈ U and choose
terminal weight Vf (x) and constraint Xf as in the regulation
case satisfying (i.e. we found Vf (x),Xf only for the regulation
case):

Xf ⊆ X , Kx ∈ U ∀x ∈ Xf

Vf

(
x(k + 1)

)
− Vf

(
x(k)

)
≤ −I

(
x(k),Kx(k)

)
∀x ∈ Xf

As the dynamics are identical in the Delta-formulation and
the original system, the same Lyapunov function Vf can be
used.
However, the terminal set constraint must be modified. In
the Delta-formulation we require

∆xN ∈ Xf

which imposes

xN ∈ {xs +∆xN ,∆xN ∈ Xf} ⊆ X

on the true system. Therefore the following condition is re-
quired: If in addition the target reference xs, us is such that

xs ⊕Xf ⊆ X , K∆x+ us ∈ U , ∀∆x ∈ Xf

then the closed-loop system converges to the target reference,
i.e.

x(k)→ xs and therefore z(k) = Hx(k)→ r for k →∞.

7.1.5 Terminal Set
Due to the transformation the set of feasible targets may be
significantly reduced.
In the following example the blue line represents the state
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constraints and the green line the terminal set.

Regulation case: Tracking using a shifted
terminal set:

Set of feasible targets:

Terminal Set Scaling
To enlarge the set of feasible targets one can scale the termi-
nal set.

X scaled
f = αXf

The scaling factor α has to be chosen such that the state and
input constraints are still satisfied. Targets at the bound-
ary of the constraints hence xN = xs, correspond to a zero
terminal set in the regulation case.
Note that scaling preserves invariance.
7.1.6 Offset-Free Reference Tracking

Goal: Track constant reference r, i.e. z(k) = Hy(k) → r for
k → ∞. If system is stabilized in the presence of the distur-
bance then it converges to set point with zero offset.
Algorithm
At each sampling time:
1. Estimate state and disturbance x̂, d̂
2. Solve steady-state target problem using d̂
3. Solve MPC problem:

min
U

N−1∑
i=0

(xi − xs)
T
Q(xi − xs)

+ (ui − us)
T
R(ui − us) + Vf (xN − xs)

s.t. x0 = x̂(k), d0 = d̂(k)

xi+1 = Axi +Bui +Bddi, i = 0, . . . , N

di+1 = di, i = 0, . . . , N

xi ∈ X , ui ∈ U , xN − xs ∈ Xf

7.1.6.1 Augmented Model
The constant disturbance can be included in to the dynamic
system model as follows:

xk+1 = Axk +Buk +Bddk

dk+1 = dk

yk = Cxk + Cddk

with d ∈ Rnd .
Observability of Augmented System
The only restriction on the choice of Bd, Cd is the observabil-
ity of the augmented model.
The augmented system is observable if and only if (A,C) is
observable and [

A− I Bd

C Cd

]
has full column rank, i.e. rank = nx + nd.
Note that
· The number of measured outputs must be large enough:

nd ≤ ny.
· This is known as Hautus observability condition (or PBH

test).
Intuitively, the condition can be explained as follows: At
steady-state [

A− I Bd

C Cd

] [
xs

ds

]
=

[
0
ys

]
and given ys, ds must be uniquely defined.
7.1.6.2 Linear State Estimation

To improve the estimate of the disturbance and to account
for non-measurable states, an observer can be used. For the

augmented model we get

[
x̂(k + 1)

d̂(k + 1)

]
=

[
A Bd

0 I

] [
x̂(k)

d̂(k)

]
+

[
B
0

]
u(k)

+

[
Lx

Ld

](
−y(k) + Cx̂(k) + Cdd̂(k)

)

where the last summand corrects the state and disturbance
estimate. On convergence, this term vanishes, revealing the
steady-state equations.
The error dynamics are:

[
η(k + 1)
ηd(k + 1)

]
=

[
x(k + 1)− x̂(k + 1)

d(k + 1)− d̂(k + 1)

]
=

([
A Bd

0 I

]
+

[
Lx

Ld

] [
C Cd

]) [x(k)− x̂(k)

d(k)− d̂(k)

]

To obtain zero estimation error, the estimator gain L =[
Lx Ld

]⊤ must be chosen such that the error dynamics are
asymptotically stable.
Lemma: Offset-Free Steady-State Estimation
Suppose the observer is asymptotically stable and ny = nd.
The observer steady state satisfies:[

A− I B
C 0

] [
x̂∞
u∞

]
=

[
−Bdd̂∞

y∞ − Cdd̂∞

]
In words: The observer output Cx̂∞+Cdd̂∞ tracks y∞ with-
out offset.
7.1.6.3 Steady-State Selection

The knowledge of the disturbance estimate allows us to re-
formulate the steady-state selection problem as

xs = Axs +Bus +Bdd̂∞

zs = H(Cxs + Cdd̂∞) = r

which shows that both, the steady-state and the target are
modified to account for the disturbance.
As we don’t have access to d̂∞, we use the best possible es-
timate for d̂∞, namely d̂ for the target selection problem,
yielding [

A− I B
HC 0

] [
xs

us

]
=

[
−Bdd̂

r −HCdd̂

]
For regulation, we can simply set r = 0.
7.1.6.4 Offset-free Tracking: Main Result

Let κ(x̂(k), d̂(k), r) = u⋆
0 be the estimation-based control law.

Assume
· nd = ny

· the RHC is recursively feasible and unconstrained for k ≥ j
· and the closed-loop system

x(k + 1) =Ax(k) +Bκ
(
x̂(k), d̂(k), r

)
+Bdd

x̂(k + 1) =
(
A+ LxC

)
x̂(k) +

(
Bd + LxCd

)
d̂(k)

+Bκ
(
x̂(k), d̂(k), r

)
− Lxy(k)

d̂(k + 1) =LdCx̂(k) +
(
I + LdCd

)
d̂(k)− Ldy(k)

converges
(
x̂(k) → x̂∞, d̂(k) → d̂∞, y(k) → y∞ for

k →∞
)
.

Then z(k) = Hy(k)→ r as k →∞, i.e. we track the reference
in presence of the disturbance.
7.2 Enlarging the Feasible Set

7.2.1 MPC Without Terminal Set
Using a terminal set constraint is attractive due to stability
and recursive feasibility guarantees. However,
· it reduces the feasible set
· potentially adds large number of extra constraints
· adds state constraints to problems with only input con-

straints
Hence, it would be beneficial to formulate an MPC without
terminal constraint but yet with guaranteed stability.
Conditions
We can remove the terminal constraint while maintaining sta-
bility if
· initial state lies in sufficiently small subset of feasible set
· N is sufficiently large
such that the terminal state satisfies terminal constraint with-
out enforcing it in the optimization.
In that case, the solution of the finite horizon MPC problem
corresponds to the infinite horizon solution.
Properties
+ Controller defined in a larger feasible set
- Characterization of ROA or specification of required N ex-

tremely difficult
Method
Enlarge horizon and check stability by sampling.
With larger horizon length N, region of attraction approaches
maximum control invariant set.

7.2.2 Soft Constrained MPC
In practice, input constraints are often “hard” whereas state
constraints can usually be relaxed.
If we decide to tolerate state constraint violations, we can
either minimize their
· duration
· or size
These goals can be conflicting and their relative importance
depends on the application. The optimum lies on a Bam-
bachian pareto curve. Operating exactly on this curve is usu-
ally difficult and only approximated.
Properties
- Standard methods do not provide a stability guaran-

tee for OL unstable systems
7.2.2.1 Problem Setup

In soft constrained MPC we
· relax state constraints using slack variables ϵi ∈ Rp

· penalize constraint violation in cost using lϵ(ϵi)
The MPC can then be formulated as

min
u

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui + ℓϵ(ϵi) + x⊤
NPxN + ℓϵ(ϵN )

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵi

Huui ≤ ku

ϵi ≥ 0

7.2.2.2 Penalty Function Choices
Exact Penalty
The penalty function ℓϵ(ϵi) should be as follows: If the origi-
nal problem has a feasible solution z⋆, then the softened prob-
lem should have the same solution and ϵ = 0.
Main Result

ℓϵ(ϵ) = v · ϵ

satisfies the requirement for any v > λ⋆ ≥ 0, where λ⋆ is the
optimal Lagrange multiplier for the original problem.
Practical Penalty
Combine linear and quadratic terms for tuning:

ℓϵ(ϵ) = v · ϵ+ s · ϵ2

with v > λ⋆ and s > 0.
Extension to Multiple Constraints
Assume multiple constraints gj(z) ≤ 0, j = 1, . . . , r. The
penalty then reads

ℓϵ(ϵ) = v · ∥ϵ∥1/∞ + ϵ⊤Sϵ

where
· ϵ = [ϵ1, . . . , ϵr]

⊤,
· v > ∥λ⋆∥D,
· and S ≻ 0 can be used to weight violations differently.
Note that ∥·∥D denotes the dual norm.
Comparison of Penalty Functions
The following properties hold for quadratic and linear penal-
ties respectively
· Quadratic:

+ Well-posed QP (positive definite Hessian)
· Increase in S hardens soft constraints
- Not exact for any choice of s > 0

· Linear:
+ Allows for exact penalties if v large enough
+ If v is large enough, constraints satisfied if possible
- Large v makes tuning hard and causes numerical issues

7.2.2.3 Comparison of Penalty Functions

g(z) ≜ z − z⋆ ≤ 0 induces feasible region (grey). Hence, the
minimizer of the original problem is z⋆

· Quadratic penalty:

lϵ(ϵ) = s · ϵ2 for ϵ ≥ 0,

lϵ(ϵ) = 0, otherwise

→ minimizer of f(z)+ lϵ(ϵ) is (z⋆+ϵ⋆, ϵ⋆) instead of (z⋆, 0)
· Linear penalty:

lϵ(ϵ) = v · ϵ for ϵ ≥ 0,

lϵ(ϵ) = 0, otherwise,

with v such that v + limz→z⋆ f ′(z) > 0

→ minimizer of f(z) + lϵ(ϵ) is (z⋆, 0)
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7.2.2.4 Simplification: Separation of Objectives

Step 1: Minimize Violation

min
u,ϵ

N−1∑
i=0

ϵ⊤i Sϵi + v⊤ϵi

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵi

Huui ≤ ku

ϵi ≥ 0

Step 2: Optimize Performance

min
u

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui + x⊤
NPxN

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵmin
i

Huui ≤ ku

Properties
+ Simplifies tuning, constraints satisfied if possible
- Requires solving two optimization problems
8 Robust MPC

We assume an uncertain constrained system of the form:

x(k + 1) = g
(
x(k), u(k), w(k); θ

)
,

x, u ∈ X ,U , w ∈ W , θ ∈ Θ

where
· w is random noise, changing with time, influencing system

evolution
· θ are unknown, constant or slowly-varying parameters that

impact the dynamics
Goals of Robust Constrained Control
Design control law u(k) = κ(x(k)) such that the system:
1. Satisfies constraints: {x(k)} ⊂ X , {u(k)} ⊂ U for all dis-

turbance realizations
2. Is stable: converges to a neighborhood of the origin
3. Optimizes (expected/worst-case) “performance”
4. Maximizes the set {x(0) | Conditions 1-3 are met }
8.1 Modeling Uncertainty

8.1.1 Common Uncertainty Models
Measurement / Input Bias

g(x(k), u(k), w(k); θ) = g̃(x(k), u(k)) + θ

θ unknown, but constant. Note that we called θ = d in 7.1.6.1.
Linear Parameter Varying System

g
(
x(k), u(k), θ(k)

)
=

(
nθ∑
j=0

θj(k)Aj

)
x(k) +

(
nθ∑
j=0

θj(k)Bj

)
u(k)

time-varying parameters θ(k) describe a convex combination
of Aj , Bj with 1⊤θ(k) = 1, θ(k) ≥ 0.
Additive Stochastic Noise

g
(
x(k), u(k), w(k); θ

)
= Ax(k) +Bu(k) + w(k)

where w comes from a known distribution. Used in stochastic
MPC.
Additive Bounded Noise
In this course, the following noise models are considered:

g
(
x(k), u(k), w(k); θ

)
= Ax(k) +Bu(k) + w(k), w ∈ W

where A,B are known, w is unknown but bounded and
changing at each sampling instance. However, in contrast to
the stochastic noise case, w now comes from a certain discrete
set and not from a distribution.
Note that
· we may model many nonlinearities in this fashion, but of-

ten a conservative model
· the noise is persistent, i.e., it does not converge to zero in

the limit
8.1.2 Robust Invariant Sets

Robust Positive Invariant Set
A set OW is said to be a robust positive invariant set for the
autonomous system x(k + 1) = g

(
x(k), w(k)

)
if

x ∈ OW ⇒ g(x,w) ∈ OW , ∀w ∈ W

The same concept is used for CL systems x(k + 1) =
g
(
x(k), κ(x(k), w(k))

)
.

A robust positive invariant set exists only for asymptotically
stable systems.
Robust Invariant Set Conditions
Theorem: Geometric condition for robust invariance
A set OW is a robust positive invariant set if and only if

OW ⊆ preW(OW)

Computing Robust Invariant Sets
Similar to 5.1.3:

Input: g,X ,W

Output: OW
∞

Ω0 ← X
while true do

Ωi+1 ← preW(Ωi) ∩ Ωi

if Ωi+1 = Ωi then
return OW

∞ = Ωi

where Ω0 is chosen so that it is as large as possible, choosing
any w ∈ W .
8.1.2.1 Robust Pre-Sets

Given a set Ω and dynamics x(k + 1) = g(x(k), w(k)), the
pre-set of Ω is is the set of states that evolve into the tar-
get set Ω in one time step for all values of the disturbance
w ∈ W :

preW(Ω) := {x | g(x,w) ∈ Ω, ∀w ∈ W}

Each state is now mapped into an entire possible set of next
states:

Computing Robust Pre-Sets for Linear Systems
Let g(x(k), w(k)) = Ax(k) + w(k) and Ω := {x | Fx ≤ f}.
Then, fulfilling the state constraints can be seen as parallel
displacement of the constraint boundaries

preW(Ω) = {x | Ax+ w ∈ Ω, ∀w ∈ W}
= {x | FjAx ≤ fj − Fjw, ∀w ∈ W}
= {x | FjAx ≤ fj − max

w∈W
Fj}

= {x | FAx ≤ f − hW(F )}

where hW is the support function.

8.1.2.2 Minkowski Sum and Pontryagin Difference
Let A,B be subsets of Rn. The Minkowski Sum is:

A⊕B := {x+ y | x ∈ A, y ∈ B}

The Pontryagin Difference is:

A⊖B := {x | x+ e ∈ A, ∀e ∈ B}

For scalar sets

[a, b]⊕ [c, d] = [a+ c, b+ d]

[a, b]⊖ [c, d] = [a− c, b− d]

8.2 Impact of Bounded Additive Noise
Define ϕi(x0, U,W ) as the state that the system will be in
at time i if the state at time zero is x0, we apply the in-
put U := {u0, . . . , uN−1} and we observe the disturbance
W := {w0, . . . , wN−1}. Assume 0 ∈ W (nominal trajectory).
8.2.1 Uncertain State Evolution

In a system with bounded additive noise, the state evolution
is given by:

ϕ1 = Ax0 +Bu0 + w0

ϕ2 = A2x0 +ABu0 +Bu1 +Aw0 + w1

ϕi = Aix0 +

i−1∑
j=0

AjBui−1−j +

i−1∑
j=0

Ajwi−1−j

= xi +

i−1∑
j=0

Ajwi−1−j

8.2.2 Cost
Generally, the cost function would contain a term for the un-
known disturbance sequence W ∈ WN :

J(x0, U,W ) :=

N−1∑
i=0

l(ϕi(x0, U,W ), ui) + lf (ϕN (x0, U,W ))

There are multiple methods to achieve independence of W :
· Minimize the expected value

JN (x0, U) = Ew

[
J(x0, U,W )

]
· Consider the worst-case

JN (x0, U) = max
W∈WN−1

J(x0, U,W )

· Consider the nominal case

JN (x0, U) = J(x0, U, 0)

· Use an estimate of the disturbance (certainty equivalence)

JN (x0, U) = J(x0, U, Ŵ )

8.2.3 Robust Constraint Satisfaction
The dynamics and robust constraints along trajectories are:

ϕi+1 = Aϕi +Bui + wi i = 0, . . . , N − 1

ui ∈ U i = 0, . . . , N − 1

ϕi ∈ X , ∀W ∈ WN i = 0, . . . , N − 1

For the terminal set we have:

ϕN ∈ Xf ⊆ X Xf robust invariant
ϕi+1 = Aϕi + wi i = N, . . .

and assume for now zero control input for simplicity.

8.2.3.1 State Constraints
The state constraints can be written as

ϕi(x0, U,W ) =

xi +

i−1∑
j=0

Aiwi−1−j

∣∣∣∣∣∣W ∈ Wi

 ⊆ X
= xi ∈ X ⊖ Fi

= xi ∈
{
x
∣∣x+ w̄ ∈ X , w̄ ∈ Fi

}
where the disturbance reachable set (DRS)

Fi =W ⊕AW ⊕ · · ·Ai−1W
= ⊕i−1

j=0 AjW

shares the dynamics of the system:

Fi+1 = AFi ⊕W

Polytopic Constraints
For the polytopic case X = {x | Fx ≤ f} we get

Fxi + F

i−1∑
j=0

Ajwi−1−j ≤ f, ∀W ∈ Wi

which is identical to

Fxi ≤ f − max
W∈Wi

F

i−1∑
j=0

Ajwi−1−j

= f − hWi

F

i−1∑
j=0

Aj


where the support function can be pre-computed offline.
8.2.3.2 Terminal Constraint

The terminal constraint

ϕN (x0, U,W ) ∈ Xf
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is handled identically, i.e.

xN ∈ Xf ⊖FN

8.3 Robust Open-Loop MPC
Putting all the pieces together, we can write the robust open-
loop MPC problem as the nominal problem with tighter
constraints:

min
U

N−1∑
i=0

I(xi, ui) + If (xN )

subject to xi+1 = Axi +Bui

x0 = x(k)

xi ∈ X ⊖ Fi

ui ∈ U
xN ∈ Xf ⊖FN

where Xf ⊆ X is a robust invariant set for the dynamics
x(k + 1) = Ax(k) + w(k), ∀w.
Stability and ROA
Stability analysis needs more general stability theory (ad-
vanced MPC).
Robust open-loop MPC potentially has a very small region of
attraction, in particular for unstable systems. Use feedback
to tackle it: 8.4.
8.4 Robust Closed-Loop MPC

In the problem formulation 8.3 we assumed that the controller
would apply a fixed feed-forward input sequence in the future
no matter what disturbance we observe. However, the per-
formance of the robust open-loop MPC can be improved by
using a control policy µi(xi) : Rn → Rm i.e. optimize over
the sequence {

u0, µ1(x1), . . . , µN−1(xN−1)
}

where xi is a function of the first i disturbances.
As we cannot optimize over arbitrary functions, often struc-
tural assumptions on the feedback law are established, such
as:
Pre-stabilization

µi(xi) = Kxi + vi

Fixed K that stabilizes the CL (i.e. A+BK is stable)
+ simple
− conservative
− Kxi usually large → remaining optimization in vi shrinks
Linear Feedback

µi(xi) = Kixi + vi

Optimize over time-varying Ki and vi
− Non-convex and difficult to solve
Disturbance Feedback

µi(xi) =

j−1∑
j=0

Mij + vi

Optimize over time-varying Mij and vi, hence over all previ-
ous disturbances
+ Convex version of Linear feedback
+ Least restrictive viable method
+ Very effective
− Computationally expensive (matrix optimization vari-

ables)
Constraint Tightening MPC & Tube MPC

µi(xi) = K(xi − x̄i) + vi

Fixed K that stabilizes the CL (i.e. A + BK is stable) and
optimize over x̄i and vi
+ Simple, often effective
+ FB on deviation from xi → remaining opt. in vi grows
8.4.1 Separation of Nominal and Disturbance Control

In constraint tightening MPC & tube MPC, the idea is to
track a nominal trajectory. This allows us to split the control
into two parts:
1. Nominal Control of the disturbance free system

z(k + 1) = Az(k) +Bv(k)

2. Disturbance Control that compensates for deviations
from the nominal trajectory

ui = K(xi − zi) + vi

The controller K is computed offline. We then optimize
over zi and vi.

8.4.2 Error Dynamics
The linearity of the system allows to write the error dynamics
as:

ei+1 = xi+1 − zi+1

= Axi +Bui + wi −Azi −Bvi

= (A+BK)(xi − zi) + wi

= (A+BK)︸ ︷︷ ︸
AK

ei + wi

= AKei + wi

=

i−1∑
j=0

Aj
Kwi−j−1, e0 = 0

We can find the disturbance reachable set (DRS) Fi that con-
tains all possible states of the error:

Fi =W ⊕AKW...⊕Ai−1
K W =

i−1⊕
j=0

Aj
KW, F0 := {0}

Advantages of Feedback
Assuming that A+BK is stable, and the set W is bounded,
the error remains bounded. Hence, the method also works
for open-loop unstable systems. This is a main difference
compared to robust OL MPC.
8.4.2.1 Minimum Robust Invariant Set

The sequence Fi converges to a set F∞ that is the minimum
robust invariant (mRPI) set for the error dynamics:

F∞ =

∞⊕
j=0

Aj
KW

which can be found by
Ω0 ← {0}

while do
Ωi+1 ← Ωi ⊕AiW

if Ωi+1 = Ωi then
return F∞ = Ωi

Note that the set Fi increases in size with i and converges
to F∞. If convergence does not happen in finite time, there
are methods to slightly enlarge Fi so that Fi > F∞.

Comparison of the two variants:
DRS mRPI

Scalar Linear DTI
For a scalar linear discrete time system

x(k + 1) = Ax(k) +Bu(k) + w(k)

with u(k) = Kx(k) and w ∈ W the mRPI is given by

F∞ =

[
a

1−AK
,

b

1−AK

]
with

AK = A+BK and W = [a, b]

8.4.3 Input-to-State Stability
Assume that the optimal cost J∗ is Lipschitz continuous (true
for linear systems, convex constraints and continuous stage
costs)

|J∗(Ax+Bu∗(x) + w)− J∗(Ax+Bu∗(x))| ≤ γ∥w∥

for some γ > 0.
Then, the Lyapunov decrease can be bounded as

J∗(Ax+Bu∗(x) + w)− J∗(x) ≤ −I(x, u∗(x)) + γ∥w∥

Hence,
· amount of decrease ∥x∥
· amount of increase upper bounded by maxw∈W γ∥w∥
and the system moves toward the origin until there is a bal-
ance between the size of x and the size of w.
8.5 Constraint-Tightening MPC

In order to satisfy the state constraints for all possible distur-
bances W the constraints on the state x must be tightened:

zi ⊕Fi ⊆ X ⇔ zi ∈ X ⊖ Fi

where the DRS Fi can be computed offline.

Similarly for the input constraints (ui = K(xi−zi)+Kei+vi):

ui ∈ vi ⊕KFi ⊆ U ⇔ vi ∈ U ⊖KFi

Intuition: The method builds on the assumption that error
pre-stabilization can be applied. Hence, we must ensure that
vi leaves enough control action to the prestabilization part→
shrink set for vi.
8.5.1 MPC Problem

The robust constraint-tightening MPC Problem over the
nominal state z and nominal input v is given by:

min
Z,V

N−1∑
i=0

I(zi, vi) + If (zN )

subj. to zi+1 = Azi +Bvi ∀i = 0, 1, . . . , N − 1

zi ∈ X ⊖ Fi ∀i = 0, 1, . . . , N − 1

vi ∈ U ⊖KFi ∀i = 0, 1, . . . , N − 1

zN ∈ X ct
f ⊖FN

z0 = x(k)

Note that
· The (feedback) control law is given by

u(k) = v∗0 +K(x(k)− z∗0) = v∗0

(no actual FB applied → method simply tightens constr.)
· The terminal set X ct

f is a robust invariant set, which for
zN must additionally be tightened by FN to ensure we
actually end up in X ct

f .
8.5.1.1 Constraint-Tightening MPC Assumptions
1. The stage cost I(z, v) is positive definite and only zero at

the origin.
2. The terminal set X ct

f is a robust positively invariant set
for the dynamics x(k+ 1) = Ax(k) +Bu(k) +w(k) under
the terminal controller κct

f z(k) = Kct z(k):

(A+BKct)z + w ∈ X ct
f , ∀z ∈ X ct

f , ∀w ∈ W

All state and input constraints are satisfied in X ct
f .

X ct
f ⊆ X , KctX ct

f ⊆ U

8.5.1.2 Recursive Feasibility Guarantee
Let the terminal ingredients (If , Cctf ) be chosen such that
· X ct

f ⊆ X
· for all z ∈ X ct

f :
· Kz ∈ U
· (A+BK)z + w ∈ X ct

f , ∀w ∈ W
· If

(
(A+BK)z

)
− If (z) ≤ −I(z, πf (z))

Let
· XN be the feasible set
· and V ∗(x(k)) be the optimizer of the robust constraint-

tightening MPC problem for x(k) ∈ XN .
Then robust invariance is achieved

Ax(k) +Bv∗0(x(k)) + w ∈ XN , ∀w ∈ W

i.e. the problem is recursively feasible.
Intuition The computed current trajectory is feasible for any
disturbance, and hence also for the one that actually occurs.
8.5.1.3 Stability Guarantee

Uses input-to-state stability → details in advanced MPC
8.6 Tube MPC

In contrast to constraint-tightening MPC, the tube MPC
bounds the maximum error with a fixed size set

E : ei ∈ E ⇒ ei+1 ∈ E ,

ideally the minimum RPI set F∞. A larger set can be chosen
but must be invariant.
Therefore, the goal is to plan a nominal trajectory zi i.e. the
tube center, such that all possible state trajectories zi⊕E are
within constraints.

Constraint-Tightening
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Similar to before, the constraints on the state x must be tight-
ened as

zi ⊕ E ⊆ X ⇔ zi ∈ X ⊖ E

where the mRPI E again can be computed offline.
Similarly for the input constraints:

ui ∈ KE ⊕ vi ⊂ U ⇔ vi ∈ U ⊖KE

8.6.1 Tube MPC Problem
The robust tube MPC Problem over the nominal state z and
nominal input v with tightened constraints is given by:

min
Z,V

N−1∑
i=0

I(zi, vi) + If (zN )

subj. to zi+1 = Azi +Bvi ∀i = 0, 1, . . . , N − 1

zi ∈ X ⊖ E ∀i = 0, 1, . . . , N − 1

vi ∈ U ⊖KE ∀i = 0, 1, . . . , N − 1

zN ∈ Xf

x0 ∈ z0 ⊕ E

with the applied control law

µtube(x) = K(x− z∗0(x)) + v∗0(x)

Note that
· the cost is calculated with respect to the tube centers

(nominal system)
· the terminal set is w.r.t. the tightened constraints
· The first tube center z0 is also an optimization variable i.e.

z0 has to be within E of x0

· The nominal dynamics can be different from the distur-
bance dynamics

· The state trajectory only converges to a neighborhood of
the origin →

∑∞
i=0 ℓ(xi, ui) can be infinite

Comparison to Constraint-Tightening MPC
+ The terminal set Xf is simply the invariant set from the

OL problem. No robust invariance needed!
+ Nominal and disturbed dynamics are completely decoupled
+ Region of convergence can be specified
- Feasible set smaller

Implementation:
Offline
1. Choose a stabilizing controller K so that A+BK is stable.
2. Compute the minimal robust invariant set E = F∞ for the

system x(k + 1) = (A+BK)x(k) + w(k), w ∈ W1

3. Compute the tightened constraints

X̃ := X ⊖ E

Ũ := U ⊖KE

4. Choose terminal weight function If and constraint Xf sat-
isfying assumptions stated in Section 8.6.1.2.

Online
1. Measure / estimate state x
2. Solve the Tube MPC optimization problem
3. Set the input to u = K(x− Z∗

0 (x)) + v∗0(x)

8.6.1.1 Example: Offline Constraint Tightening
Assume X = {x | ∥x∥∞ ≤ 3}, i.e.

X =

{
x

∣∣∣∣[ I
−I

]
x ≤

[
3
3

]}
Let E = {e | Fe ≤ f}. Then the tightened state constraints
can be found by solving a set of LPs:

X ⊖ E =


x

∣∣∣∣∣∣∣∣∣∣∣
[
I
−I

]
x ≤


3−max

e∈E
[1 0]e

3−max
e∈E

[0 1]e

3−max
e∈E

[−1 0]e

3−max
e∈E

[0 − 1]e




Similarly, for the input constraints U = {u | |u| ≤ 0.5}:

U ⊖KE =

{
u

∣∣∣∣[ 1
−1

]
u ≤

[
0.5−max{Ke | Fe ≤ f}
0.5−min{Ke | Fe ≤ f}

]}
8.6.1.2 Tube MPC Assumptions

Similar to standard MPC, three main conditions are needed
to ensure stability and recursive feasibility of the nominal
trajectory:
1. The stage cost is a positive definite function: strictly pos-

itive and only zero at the origin.
2. The terminal set is invariant for the nominal system

under the local controller κf (z):

Az +Bκf (z) ∈ Xf , ∀z ∈ Xf

and satisfies the tightened constraints:

Xf ⊆ X ⊖ E , κf (z) ∈ U ⊖KE ∀z ∈ Xf

3. Terminal cost is a Lyapunov function in Xf :

If (Az +Bκf (z))− If (z) ≤ −I(z, κf (z)), ∀z ∈ Xf

Note that w can be ignored in 2. as nominal and disturbance
dynamics are decoupled.

8.6.1.3 Nominal Stability and Recursive Feasibility
Theorem: Robust Invariance of Tube MPC
Let Z be the feasible set, i.e Z := {x | Z(x) ̸= ∅}. Then Z is
a robust invariant set for the closed-loop system

x(k + 1) = Ax(k) +Bµtube(x(k)) + w(k)

under the constraints x ∈ X , u ∈ U .
Theorem: Robust Stability of Tube MPC
The state x(k) of the system

x(k + 1) = Ax(k) +Bµtube(x(k)) + w(k)

converges in the limit to the set E and hence,

lim
k→∞

dist(x(k), E) = 0

where dist(·, ·) denotes any distance function.
The cost for the nominal trajectory vanishes:

lim
k→∞

J(z∗0(x(k))) = 0 ⇒ lim
k→∞

z∗0(x(k)) = 0

8.6.1.4 Proof Sketch
Recursive Feasibility
Given the optimal solution

(
v∗0 , . . . , v

∗
N−1, z

∗
0 , . . . , z

∗
N

)
for

x(k), the next state is

x(k + 1) = Ax(k) +BK(x(k)− z∗0) +Bv∗0 + w, w ∈ W

By construction, x(k + 1) ∈ z∗1 ⊕ E . The shifted trajectory{
v∗1 , . . . , v

∗
N−1, κf (z

∗
N )
}
, {z∗1 , . . . , z∗N , Az∗N +Bκf (z

∗
N )}

is feasible for all x(k + 1).
Details:
· Feasibility of

{
v∗1 , . . . , v

∗
N−1, κf (z

∗
N )
}

· v∗i ∈ U ⊖KE for i = 1, . . . , N − 1 given from feas. at k.
· κf (z

∗
N ) ∈ U ⊖KE for z∗N ∈ Xf by Assumption 2. (Sec-

tion 8.6.1.2)
· Feasibility of {z∗1 , . . . , z∗N , Az∗N +Bκf (z

∗
N )}

· z∗i ∈ X ⊖ E for i = 1, . . . , N − 1 given from feas. at k.
· z∗N ∈ Xf ⊆ X ⊖ E given from feasibility at k.
· Az∗N+Bκf (z

∗
N ) ∈ Xf from invariance of Xf by Assump-

tion 2. (Section 8.6.1.2)
· x(k + 1) ∈ z∗1 ⊕ E follows from:

x(k + 1)− z∗1︸ ︷︷ ︸
ek+1

= Ax(k) +BK(x(k)− z∗0) +Bv∗0 + w

−Az∗0 +Bv∗0

= (A+BK) (x(k)− z∗0)︸ ︷︷ ︸
ek

+w(k)

∈ E if (x(k)− z∗0) ∈ E
⇒ x(k + 1) ∈ z∗1 ⊕ E

Stability
As in standard MPC, we have the value function expression

J∗(x(k)) =

N−1∑
i=0

ℓ(z∗i , v
∗
i ) + ℓf (z

∗
N )

At the next time step k + 1, it holds that

J∗(x(k + 1)) ≤
N∑
i=1

ℓ(z∗i , v
∗
i ) + ℓf (zN+1)

= J∗(x(k))− ℓ(z∗0 , v
∗
0)︸ ︷︷ ︸

≥0

− ℓf (z
∗
N )− ℓf (zN+1)− ℓ(z∗N , κf (z

∗
N ))︸ ︷︷ ︸

≤0

where the last inequality uses the fact that ℓf is a Lyapunov
function on Xf .
9 Numerical Methods and Implementation

9.1 Explicit MPC
Online computation time of the optimal control law can be
drastically reduced by pre-computing the control law as a
function of the state x. In other words, for small systems
(3-6 states),
1. The optimization problem is solved offline and para-

metrically for a set of states.
2. During runtime, the control input is queried from the

pre-computed solution (piecewise affine for linear sys-
tem/ constraints).

9.1.1 Active Set and Critical Region
Active Set
The active set A(x) is the set of indices of active constraints
at a given state x ∈ X0:

A(x) =
{
j ∈ {1, . . . ,m}

∣∣∣GjU − Ejx(k) = wj

}
Its complement is the set of non-active constraints:

NA(x) =
{
j ∈ {1, . . . ,m}

∣∣∣GjU − Ejx(k) < wj

}
Critical Region
The critical region CR is the set of states x for which the

same active set A(x) is active at the optimum:

CR = {x ∈ X : A(x) = A(x∗)}

9.1.2 Quadratic Cost
The CFTOC problem

J∗(x(k)) = min
U

[
U⊤ x(k)

⊤
] [

H F⊤

F Y

] [
U

x(k)

]
subj. to GU ≤ w + E x(k)

is a multiparametric quadratic program (MPQP) with
the following properties:
· The optimal solution is continuous and piecewise affine on

polyhedra CRj

u∗
0 = κ(x(k)) = F jx+ gj if x ∈ CRj j = 1, . . . , N r

· The polyhedra CRj =
{
x ∈ Rn

∣∣∣Hjx ≤ Kj
}

are a parti-
tion of the feasible polyhedron X0.

· The value function J∗(x(k)) is convex and piecewise
quadratic on polyhedra.

9.1.3 1/∞-Norm Cost
The CFTOC problem

min
U

c⊤U

subj. to ḠU ≤ w̄ + Ēx(k)

Is a multiparametric linear program (MPLP) with the follow-
ing properties:
· The optimal solution is continuous and piecewise affine on

polyhedra CRj

u∗
0 = κ(x(k)) = F jx+ gj if x ∈ CRj j = 1, . . . , N r

· The polyhedra CRj =
{
x ∈ Rn

∣∣Hjx ≤ Kj
}

are a parti-
tion of the feasible polyhedron X0.

· In case of multiple optimizers a piecewise affine control law
exists.

· The value function J∗(x(k)) is convex and piecewise linear
on polyhedra.

9.1.4 Point Location
Given m regions, there are multiple methods to find the crit-
ical region CRj for a given state x(k). Then, the correspond-
ing piecewise affine function must be evaluated at x(k) to
obtain the control input.
Sequential Search O(m)
Simply check each polyhedron until the one containing x(k)
is found:

given x = x(k)
for each j do

if Ajx+ bj ≤ 0 then
x is in region j

Logarithmic/Tree Search (O(log(m)))
By constructing a search tree offline, the critical region can
potentially be found in logarithmic time. The search tree
is constructed by recursively splitting the polyhedra CRj by
hyperplanes. Reasonable for < 1000 regions.
9.2 Iterative MPC

Given an initial guess x0, cost function f(x), and a feasible set
Q, iterative optimization methods compute a sequence of
iterates

xk+1 = Ψ(xk, f,Q), K = 0, 1, . . . ,m− 1

that are ϵ-stationary

∥f(x(m))− f(x∗)∥ ≤ ϵ

and sufficiently feasible

dist(x(m),Q) ≤ δ

9.2.1 Unconstrained Minimization
Problem
Solve

min
x

f(x)

where we assume
· f convex and twice continuously differentiable
· f differentiable at x∗

· optimal value p∗ = minx f(x) finite
The goal is to iteratively solve for the necessary and sufficient
condition

∇f(x∗) = 0

Descent Methods
Descent methods update the current iterate xk in the search
direction ∆xk with a step size hk:

xk+1 = xk + hk∆xk → f(xk+1) < f(xk)

where
· ∆x is a descent direction
· There exists a hk > 0 such that we obtain a cost decrease,

if we step to a certain extent into the opposite gradient
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direction:

∃hk > 0→ f(xk+1) < f(xk) if ∇f(xk)
⊤
∆xk < 0

The exact direction is to be chosen (e.g. opposite gradient
or Newton).

Algorithm
given x0 ∈ dom(f)
repeat

1. Compute a descent direction ∆xk

2. Line search: Choose step size hk > 0 such that
f(xk + hk∆xk) < f(xk)

3. Update xk+1 := xk + hk∆xk

until termination condition (e.g. f(xk) − f(x∗) ≤ ε1 or
∥xk − xk−1∥ ≤ ε2)

9.2.1.1 Gradient Descent / First-Order Method
Assume

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ ∀x, y ∈ Rn

i.e.
· ∇f is Lipschitz-continuous with constant L
· f can be upper bounded by a quadratic function

f(x) ≤ f(y) +∇f(y)⊤(x− y) +
L

2
∥x− y∥2 ∀x, y ∈ Rn

This quadratic upper bound can be minimized by choosing
the negative gradient −∇f as the direction of descent and
step size 1

L (Lipschitz constant of the gradient). The update
rule becomes

xk+1 = xk −
1

L
∇f(xk)

which is guaranteed to converge to a local minimum of f .
Finding L
Assuming f is L-smooth, the Lipschitz constant L can be de-
termined globally. It is the maximum spectral norm of the
Hessian ∇2f(x), i.e.

L = max
x∈X
∥∇2f(x)∥2

= |max
x∈X

σmax(∇2f(x))|

= |λmax(∇2f(x))|

As the Hessian is always symmetric, L is simply its largest
absolute eigenvalue.
9.2.1.2 Newton’s Method / Second-Order Method

Newton’s method minimizes the second-order Taylor expan-
sion of f around the current iterate xk:

xk+1 = arg min
x

f(xk) +∇f(xk)
⊤
(x− xk) + · · ·

+
1

2
(x− xk)

⊤∇2f(xk)(x− xk)

xk+1 = xk −
(
∇2f(xk)

)−1∇f(xk)︸ ︷︷ ︸
Newton’s direction

As the second-order Taylor expansion is not necessarily an
upper bound, we can obtain a cost increase. Hence, the re-
maining problem is to choose hk > 0 such that the update
decreases f :

xk+1 = xk − hk

(
∇2f(xk)

)−1∇f(xk)

for example by using line search.
9.2.1.3 Line Search

Exact Line Search
Compute the best step size hk along the direction of descent
∆xk:

hk = arg min
h>0

f(xk + h∆xk)

This is an optimization in one variable which can be solved
by bisection (slow, many evaluations of f).
Backtracking Line Search (Inexact)
Find a step size hk that decreases the cost function f suffi-
ciently by repeatedly downscaling the step size:

Initialize hk = 1
while f(xk + hk∆xnt) > f(xk) + αhk∇f(xk)

⊤
∆xnt do

hk ← βhk

with α ∈ (0, 0.5) and β ∈ (0, 1).
The condition

f(xk + hk∆xnt) > f(xk) + αhk∇f(xk)
⊤
∆xnt

is called Armijo condition and quantifies the cost decrease
compared to the predicted cost decrease of the linear approx-
imation.
9.2.2 Constrained Minimization

· PGD: better for small horizon lengths, faster iterations,
but more iterations needed.

· Interior Point Method: better for large horizon lengths,
fewer iterations, but slower iterations.

9.2.2.1 Equality Constrained Newton’s Method
Incorporating equality constraints

min
x

f(x)

subj. to Ax = b

into Newton’s method (and rewriting x− xk = ∆x) yields

∆xnt(xk) ∈ arg min
∆xk

1

2
∆x∇2f(xk)∆x+∇f(xk)∆x

subj. to A∆xk = −Axk + b︸ ︷︷ ︸
=0 optimally

Descent Direction
By optimality on the above problem, we have to solve

∇2f(xk)∆x+∇f(xk) +AT ν = 0

A∆x = 0

This, however, is a linear system of equations, yielding the
wanted search direction:[

∇2f(xk) A⊤

A 0

] [
∆xk

λk

]
=

[
−∇f(xk)

0

]
Stationarity
A∆x = 0

If the equality constraint is fulfilled at initilization, the
nullspace constraint A∆x = 0 enforces that the next xk+1

still satisfies the equality constraint:

Axk+1 = Axk + hk A∆xk︸ ︷︷ ︸
=0

= b

Conclusion
Equality constraints yield easy optimization problems as the
search directions can be found by solving a simple linear sys-
tem.
9.2.2.2 Projected Gradient Method

Problem
Consider the constrained convex optimization problem

min f(x) subject to x ∈ Q

where f is convex and L-smooth, and the feasible set Q is
convex.
Step Projection

Constraints on x can be incorporated by projecting the gra-
dient onto Q using the euclidian projection:

xk+1 = ΠQ(xk − hk∇f(xk))

ΠQ(x) = arg min
y∈Q

∥y − x∥2

Under our assumptions, if we choose step size hk = 1
L , Pro-

jected Gradient Descent (PGD) converges to a local minimum
of f with convergence rates similar to the unconstrained case.
MPC
In the MPC problem setup, the optimization variable is the
control input U . Therefore, input constraints can be in-
corporated by using PGD in the CFTOC formulation with
substitution.
MPC with state constraints are more complicated as the
projection of the intersection (U × X ) ∩ {z|Az = b} is not
trivial. One approach could be to solve the dual problem
(simple inequalities λ >= 0 with cheap projection), which
would require special attention to preserving the feasibility
of the primal problem.
9.2.2.3 Interior Point Method

Problem

min
x

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

Cx = d

Assumptions
· f, gi are convex, and twice continuously differentiable.
· f(x∗) is finite and attained
· strict feasibility: ∃x such that gi(x) < 0 and Cx = d.
· feasible set is closed and compact
· strong duality holds → KKT conditions can be used
Primal-Dual relaxed KKT Conditions
Primal-Dual interior-point methods solve the following re-
laxed KKT system of equations for both, the primal and dual
variables:

∇f(x∗) +

m∑
i=1

λ∗
i∇gi(x∗) + CT ν∗ = 0

Cx∗ = d

gi(x
∗) + s∗i = 0,

λ∗
i gi(x

∗) = −κ,
λ∗
i , s

∗
i ≥ 0,

where
· s ∈ Rm are slack variables

· {(x, ν, λ, s)|above eqns. hold} is called primal-dual central
path

· one attempts to successively reduce κ to zero (central path)
At every iteration, the KKT conditions are linearized at the
current iterate (xk, νk, λk, sk):

H C⊤ G⊤ 0
C 0 0 0
G 0 0 I
0 0 S Λ



∆x
∆ν
∆λ
∆s

 = −


∇f(x) + C⊤ν +G⊤λ

Cx− d
g(x) + s
Sλ− v


where

S = diag(s1, . . . , sm)

Λ = diag(λ1, . . . , λm)

H(x, λ) = ∇2f(x) +

m∑
i=1

λi∇2gi(x)

G(x)
⊤
=
[
∇g1(x) ∇g2(x) · · · ∇gm(x)

]
and v replaces κ in the KKT conditions (further relaxation).
The resulting direction ∆[x, ν, λ, s](v) is found by solving the
linear system and depends on the choice of the relaxation
parameter v. For
· v = 0, the direction is a Newton step.
· v = κ1, the direction is called a centering direction that

approaches the central path.
Predictor-Corrector Method
Predictor-Corrector methods use a linear combination of the
two directions, i.e.

∆[x, ν, λ, s](v) = ∆[x, ν, λ, s](σκ1)

where σ ∈ (0, 1), which ensures fast convergence.
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10 Appendix

10.1 Receding Horizon Control Notation
Consider the DT LTI model

x(k + 1) = Ax(k) +Bu(k), y(k) = Cx(k),

where x(k) ∈ X , u(k) ∈ U , ∀k ≥ 0.
10.1.1 Absolute Time Notation

The CFTOC problem in absolute time notation

J∗
k→k+N |k(x(k)) = min

Uk→k+N|k
lf (xk+N |k)+

N−1∑
i=0

l(xk+i|k, uk+i|k)

subj. to

xk+i+1|k = Axk+i|k +Buk+i|k, i = 0, . . . , N − 1,

xk+i|k ∈ X , uk+i|k ∈ U, i = 0, . . . , N − 1,

xk+N |k ∈ Xf ,

xk|k = x(k),

is solved at time k for the optimal input sequence

Uk→k+N |k = {uk|k, . . . , uk+N−1|k}

State Indices
The state xk+i|k is the predicted state at time k+i, computed
by starting from the current state xk|k = x(k) and applying
the input sequence uk|k, . . . , uk+i−1|k to the system model

xk+1|k = Axk|k +Buk|k.

For example, the states x3|1 and x3|2 live both at time 3, but
are computed at different points in time.
Receding Horizon Control Law
The receding horizon control law is given by the first element
of U∗

k→k+N |k:

κk(x(k)) = u(k) = u∗
k|k(x(k))

10.1.2 Relative Time Notation
System, constraints, and cost function are time-invariant.
Hence, the solution κk(x(k)) is a time-invariant function of
the IC x(k), allowing for the simplified notation

J∗(x(k)) = min
U

lf (xN ) +

N−1∑
i=0

l(xi, ui)

subj. to

xi+1 = Axi +Bui, i = 0, . . . , N − 1,

xi ∈ X , ui ∈ U, i = 0, . . . , N − 1,

xN ∈ Xf ,

x0 = x(k),

where U = {u0, . . . , uN−1}.
Receding Horizon Control Law
The control law and closed-loop system are time-invariant as
well, and we write κ(x(k)) for κk(x(k)).
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1 System Theory

1.1 Discretization
Euler Discretization (Forward)

ẋc ≈ xc(t+ Ts)− xc(t)

Ts

with Ts describing the sampling time, hence

x(k) := xc(t0 + kTs)

u(k) := uc(t0 + kTs)

Therefore a LTI system becomes

x(k + 1) = (I+ TsA
c)x(k) + TsB

cu(k) = Ax(k) +Bu(k)

y(k) = Ccx(k) +Dcu(k) = Cx(k) +Du(k)

Exact Discretization of LTI (ZOH)

x(tk+1) = eA
cTs︸ ︷︷ ︸

=A

x(tk) +

ˆ Ts

0

eA
c(Ts−τ)Bcdτ︸ ︷︷ ︸

B

u(tk)

B = (Ac)
−1

(A− I)Bc

if Ac is invertible.

eA
ct :=

∞∑
n=0

(Act)
n

n!

Solution of DT LTI System

x(k +N) = ANx(k) +

N−1∑
i=0

AiBu(k +N − 1− i)

1.2 LTI DT System Analysis

1.2.1 Similarity Transform

x̃(k) = Tx(k); det(T ) ̸= 0

x̃(k + 1) = TAT−1x̃(k) + TBu(k) = Ãx̃(k) + B̃u(k)

y(k) = CT−1x̃(k) +Du(k) = C̃x̃(k) + D̃u(k)

1.2.2 Controllability and Observability
R ⊆ C, R ⊂ S, O ⊂ D

unstable
modes
∈R
∈O

all
modes

C
{

CT : x0 = 0→ xf
DT : x0 = xf → 0

S R
{

x0 = 0→ xf

D O
{

x0 ← u, y

CT: always
DT: Ad invert.

1.2.2.1 Controllability
Controllable iff

C :=
[
B AB · · · An−1B

]
has full row rank.
Stabilizability
iff all uncontrollable modes are stable, i.e.
· A system is stabilizable if all unstable modes are control-

lable.
· Controllability always implies stabilizability
PBH test:
rank ([λjI −A | B]) = n ∀λj ∈ Λ+

A ⇒ (A,B) is stabilizable

where Λ+
A is the set of unstable eigenvalues.

1.2.2.2 Observability
Observable iff

O :=
[
C⊤ (CA)

⊤
(CA2)

⊤ · · · (CAn−1)
⊤
]⊤

has full column rank.
Detectability
iff all unobservable modes are stable
· A system is detectable if all unstable modes are observable.
· Observability always implies detectability.
PBH test:
rank

([
A⊤ − λjI|C⊤]) = n ∀λj ∈ Λ+

A ⇒ (A,C) is detectable

1.3 Nonlinear System Analysis

1.3.1 Lyapunov Stability
The equilibrium point x̄ of a DT system is Lyapunov stable
iff for every ϵ > 0 there exists a δ(ϵ) such that

∥x(0)− x̄∥ < δ(ϵ)→ ∥x(k)− x̄∥ < ϵ, ∀k ≥ 0

Global Asymptotic Stability
An equilibrium point x̄ of a system is globally asymptotically
stable if it is Lyapunov stable and attractive

lim
k→∞

∥x(k)− x̄∥ = 0, ∀x(0) ∈ R

1.3.2 Global Lyapunov Function
A function V : Rn → R, continuous at the origin, finite
∀x ∈ Rn that satisfies

∥x∥ → ∞⇒ V (x)→∞ (radially unbounded)
V (0) = 0 and V (x) > 0 ∀x ∈ Rn \ {0}

V (g(x))− V (x) ≤ −α(x) ∀x ∈ Rn, α ≻ 0 : Rn → R

is called a Lyapunov function.
1.3.3 Local Lyapunov Function

If the conditions on asymptotical stability only hold on a closed
and bounded, positively invariant set Ω ⊂ Rn and V is finite
∀x ∈ Ω, then the system is locally asymptotically stable in Ω,
where Ω is also called the region of attraction (ROA).
1.3.4 Global Lyapunov Stability

If a system admits a Lyapunov function V (x), then x = 0 is
globally asymptotically stable.
If V (x) satisfies the conditions only with α(x) being positive
semidefinite, then x = 0 is globally Lyapunov stable.
1.4 Global Lyapunov Stability of LTI DT System

For a DT LTI system one can construct a Lyapunov function
by choosing

V (x) = x⊤Px, α(x) = x⊤Qx, Q ≻ 0

where P ≻ 0 is the solution of the DT Lyapunov equation

A⊤PA− P = −Q, Q ≻ 0

which as a unique solution if A is stable, i.e. all eigenvalues
inside the unit circle.
Closed Loop Control

(A+BK)
⊤
P (A+BK)− P = −Q, Q ≻ 0

Note that Q is not the stage cost matrix!
1.4.1 Direct and Indirect Lyapunov Methods

1.4.1.1 Direct Lyapunov Method
The direct method involves finding a Lyapunov function V (x)
and proving that it satisfies the conditions for stability directly.
1.4.1.2 Indirect Lyapunov Method

The indirect method uses the linearization and Hartman-
Grobman theorem to conclude stability of the nonlinear system
from the stability of the linearized system in a local neighbor-
hood of the equilibrium point.
2 Unconstrained Linear Quadratic Optimal Control

2.1 Finite Horizon LQR

J∗(x(0)) = min
U

x⊤
NPxN +

N−1∑
i=0

(x⊤
i Qxi + u⊤

i Rui)

subj. to xi+1 = Axi +Bui, i = 0, . . . , N − 1

x0 = x(0)

2.1.1 Comparison: Batch vs. Recursive Approach
Batch Approach
· open-loop control sequence
+ Allows for constraints
- large matrix inversions

Recursive Approach
+ feedback policy → disturbance robustness
2.1.2 Batch Approach

Problem Setup

X : = Sxx(0) + SuU

x0

x1

...

...
xN

 =



1

A
...
...

AN

x(0) +


0 · · · · · · 0
B 0 · · · 0
AB B · · · 0

... . . . . . . 0
AN−1B · · · AB B





u0

u1

...

...
uN−1


Q := blockdiag(Q, . . . , Q, P ), R := blockdiag(R, . . . , R)

J(x(0), U) = U⊤HU + 2x(0)
⊤
FU + x(0)

⊤
Sx⊤

QSxx(0)

H := (Su)
⊤
QSu +R ≻ 0, F := (Sx)

⊤
QSu

Optimal Control Solution
Setting the gradient to zero yields the optimal control action

U∗(x(0)) = −H−1F⊤x(0)

Note that H−1 always exists as H ≻ 0 i.e. full rank.

J∗(x(0)) = x(0)
⊤
(
(Sx)

⊤
QSx − FH−1F⊤

)
x(0)

2.1.3 Recursive Approach

2.1.3.1 Bellman’s Principle of Optimality
For any j = 0 . . . N

J⋆
j (xj) = min

uj

J(xi, ui) + J⋆
j+1(xj+1)

subj. to xj+1 = Axj +Buj

2.1.3.2 Optimal Control Method
Problem Setup

J⋆
j (x(j)) = min

Uj→N

x⊤
NPxN +

N−1∑
i=j

(x⊤
i Qxi + u⊤

i Rui)

subj. to xi+1 = Axi +Bui, i = j, . . . , N − 1

xj = x(j)

Optimal Control Solution

u⋆
i (xi) = Fixi

Fi = −(B⊤Pi+1B +R)
−1

B⊤Pi+1A

The optimal cost-to-go is

J⋆
i (xi) = x(i)

⊤
Pix(i)

with cost matrices found from the Discrete Time Riccati equa-
tion / Riccati Difference equation (RDE):

Pi = A⊤Pi+1A+Q−A⊤Pi+1B(B⊤Pi+1B +R)
−1

B⊤Pi+1A

PN = P (init. with terminal weight)

and the full-trajectory optimal cost J∗(x(0)) is

x(0)
⊤
P0x(0)

2.1.4 Stability of Finite Horizon LQR
There are three common choices for the terminal weight
P in finite horizon LQR to ensure CL stability.
1. Choose P s.t. it matches the infinite horizon LQR solution

P = A⊤PA+Q−A⊤PB(B⊤PB +R)
−1

B⊤PA

2. Choose P assuming no control action after the end of the
finite horizon

x(k + 1) = Ax(k), k = N, . . . ,∞
A⊤PA+Q = P (solve LE for P )

This approach only makes sense if the system is asymptot-
ically stable (or no positive definite solution P will exist).

3. Force both state and input both to be zero after the end of
the finite horizon. No P is needed but the constraint

xi+N = 0

2.2 Receding Horizon LQR

2.2.1 Stability of Receding Horizon LQR
Depending on the specific situation
· receding horizon can result in a stable CL trajectory with

a horizon length that would yield an unstable trajectory
in the OL case. However, receding horizon LQR does not
guarantee a stable CL in general.

· OL control can be sufficient to achieve stability, i.e. receding
horizon is not always needed in theory.

2.3 Infinite Horizon LQR
Problem Setup

J∞(x(0)) = min
u(·)

∞∑
i=0

(
x⊤
i Qxi + u⊤

i Rui

)
subj. to xi+1 = Axi +Bui, i = 0, 1, 2, . . . ,∞,

x0 = x(0)

Optimal Control Solution

u⋆(k) = F∞x(k)

F∞ := −(B⊤P∞B +R)
−1

B⊤P∞A

J∞(x(k)) = x(k)
⊤
P∞x(k)

where P∞ is the solution of the Discrete Time Algebraic
Riccati equation (DARE) (Pi = Pi+1 = P∞)

P∞ = A⊤P∞A+Q−A⊤P∞B(B⊤P∞B +R)
−1

B⊤P∞A

Stability
Assuming

· (A,B) stabilizable
· (Q

1
2 , A) detectable,

then the RDE (initialized with Q at i = ∞ and solved for
i ↘ 0) converges to the unique positive definite solution
P∞.
Then J⋆(x) = xTP∞x = V (x) is a Lyapunov function for the
CL system x+ = (A+BF∞)x, i.e. the system is asymptotically
stable.
3 Convex Optimization

3.1 Problem Formulation and Terminology
Primal Problem

min
x∈dom(f)

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

hi(x) = 0 i = 1, . . . , p

3.1.1 Constraints
gi(x) is active at x̄ if gi(x̄) = 0. Thus, equality constraints are
always active.
A redundant constraint does not change the feasible set.
3.1.2 Optimality
x ∈ X is locally optimal if, for some R > 0

y ∈ X , ∥x− y∥ < R ⇒ f(x) ≤ f(y)

x ∈ X is globally optimal if

f(x) ≤ f(y) ∀y ∈ X

3.2 Convex Sets
A set X is convex iff for any pair of points x and y in X :

λx+ (1− λ)y ∈ X , ∀λ ∈ [0, 1], ∀x, y ∈ X

3.2.1 Hyperplanes and Halfspaces

A hyperplane is defined by
{
x ∈ Rn | a⊤x = b

}
for a ̸= 0,

where a ∈ Rn is the normal vector to the hyperplane.
A halfspace is everything on one side of a hyperplane{
x ∈ Rn | a⊤x ≤ b

}
for a ̸= 0. It can either be open (strict

inequality) or closed (non-strict inequality).
3.2.2 Polyhedra and Polytopes

Polyhedra
A polyhedron is the intersection of a finite number of closed
halfspaces:

P :=
{
x | a⊤i x ≤ bi, i = 1, . . . ,m

}
= {x | Ax ≤ b}

A :=
[
a1 a2 . . . am

]⊤ and b :=
[
b1 b2 . . . bm

]⊤
Polytopes
A polytope is a bounded polyhedron.
Minkowski-Weyl Theorem
For a set P ⊆ Rd, the following are equivalent:
· P is a polytope {x | Ax ≤ b} (bounded)
· P is finitely generated, i.e., these exist a finite set of vectors
{vi} such that P = co({v1, . . . , vs})

3.2.3 Ellipsoids

{x | (x− xc)
⊤
A−1(x− xc) ≤ 1}, A ≻ 0

3.2.4 Norm Balls
The norm ball, defined by {x| ||x − xc|| ≤ r} where xc is the
centre of the ball and r ≥ 0 is the radius, is always convex for
any norm.
Euclidean Ball
The Euclidean ball B(xc, r) is a special case of the ellipsoid,
for which A = r2I, so that B(xc, r) := {x|∥x− xc∥2 ≤ r}.
3.2.5 Set Operations

The intersection of convex sets is convex, whereas the union of
convex sets is not necessarily convex.
3.2.6 Convex Hull

For any subset S of Rd, the convex hull co(S) is the intersec-
tion of all convex sets containing S, i.e. the smallest convex set
containing S.
3.3 Convex Functions

A function f : dom(f)→ R is convex iff dom(f) is convex and
∀x, y ∈ dom(f)

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y), ∀λ ∈ (0, 1)

The function f : dom(f)→ R is strictly convex if this inequal-
ity is strict.
The function f is concave iff dom(f) is convex and −f is
convex.
First Order Condition

f(y) ≥ f(x) +∇f(x)⊤(y − x), ∀x, y ∈ dom(f)

Second Order Condition

∇2f(x) ≥ 0, ∀x ∈ dom (f), ∇2f(x)ij =
∂2f(x)

∂xi∂xj

3.3.1 Level and Sublevel Sets
Level Sets

Lα := {x|x ∈ dom(f), f(x) = α}

Sublevel Sets

Cα := {x|x ∈ dom(f), f(x) ≤ α}

f is convex ⇒ sublevel sets of f are convex ∀α.
3.3.2 Examples of Convex Functions

Convex
· Affine functions: ax+ b, ∀a, b ∈ R
· Exponential functions: eax ∀a ∈ R
· Powers: xα on domain R++ for α ≤ 0, α ≥ 1
· Vector norms on Rn:

||x||p =

( n∑
i=1

|x|p
) 1

p

, for p ≥ 1

||x||∞ = max
i
|xi|

Convexity Preserving Operations
· Nonnegative weighted sums:

∑n
i=1 θifi(x) for θi ≥ 0

· Composition with an affine function: f(ax+ b)
· Pointwise maximum/supremum: max(f1(x), f2(x))
· Partial minimization
Concave
· Affine functions: ax+ b
· Powers: xα on domain R++ for 0 ≤ α ≤ 1
· Logarithm: log(x) on domain R++

· Entropy: −x log(x) on domain R++

3.4 Convex Optimization Problems

min
x∈dom(f)

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

a⊤i x = bi i = 1, . . . , p

(Ax = b A ∈ Rp×n)
f, gi convex functions
dom(f) convex set
hi(x) = a⊤i x− b affine functions

As a result, the feasible set X is convex.
3.4.1 Equivalent Optimization Problems

Slack Variables

min f(x)

s.t. Aix ≤ bi, i = 1, . . . ,m

is equivalent to

min f(x)

s.t. Aix+ si = bi, i = 1, . . . ,m

si ≥ 0, i = 1, . . . ,m

3.4.2 Linear Program (LP)

min
x∈Rn

c⊤x

s.t. Gx ≤ h

Ax = b

where the feasible set P is a polyhedron (convex).
For the set of optimizers Xopt, generally, three cases can occur:
1. Unbounded P is unbounded below
2. Bounded with unique optimizer: Xopt is a singleton.

At least n constraints are active.
3. Bounded with multiple optimizers: Xopt is a (bounded

or unbounded) subset of Rn. At least one constraint is ac-
tive. In this case, the solution is sensitive to noise.

3.4.3 Quadratic Program (QP)

min
x∈Rn

1

2
x⊤Hx+ q⊤x+ r

s.t. Gx ≤ h

Ax = b

is convex if H > 0.
Problems with concave objective H ≺ 0 are quadratic pro-
grams, but hard.
If feasible, in general two cases can occur:
1. Case 1: optimizer lies strictly inside the feasible polyhe-

dron. No constraints active.
2. Case 2: optimizer lies on the boundary of the feasible poly-

hedron. At least one constraint active.
3.5 Optimality Conditions

3.5.1 Lagrange Dual Problem
The possibly non-convex primal problem can be transformed
into a convex dual problem using the Lagrangian Function:

L : dom (f)× Rm × Rp → R

L(x, λ, ν) = f(x) +

m∑
i=1

λigi(x) +

p∑
i=1

νihi(x), λi ≥ 0

and the dual function d which is a lower bound for the primal
optimal value p∗:

d(λ, ν) = inf
x∈dom(f)

L(x, λ, ν) ≤ p∗, ∀(λ ≥ 0, ν ∈ Rp)

Dual Problem

max
λ,ν

d(λ, ν)

subject to λ ≥ 0

· is convex (minλ,ν −d(λ, ν)), even if the primal is not.
· has an optimal value d∗ ≤ p∗.
· the point (λ, ν) is dual feasible if λ ≥ 0 and (λ, ν) ∈

dom(d).
· Can often impose the constraint (λ, ν) ∈ dom(d) explicitly.
3.5.1.1 Dual of a Linear Program (LP)

d(λ, ν) =

{
−b⊤ν − e⊤λ if A⊤ν + C⊤λ+ c = 0

−∞ otherwise

min
x∈Rn

c⊤x max
λ,ν

− b⊤ν − e⊤λ

s.t. Ax− b = 0 s.t. A⊤ν + C⊤λ+ c = 0

Cx− e ≤ 0 λ ≥ 0

Both are LPs
3.5.1.2 Dual of a Quadratic Program (QP)

d(λ) = −1

2

(
c+ C⊤λ

)⊤
Q−1

(
c+ C⊤λ

)
− e⊤λ

min
x∈Rn

1

2
x⊤Qx+ c⊤x

s.t. Cx− e ≤ 0

Q ≻ 0

min
λ

1

2
λ⊤CQ−1C⊤λ+

(
CQ−1c+ e

)⊤
+

1

2
c⊤Q−1c

s.t. λ ≥ 0

Both are QPs
3.5.2 Weak and Strong Duality

Duality Gap: p∗ − d∗

Weak Duality
It is always true that

d∗ ≤ p∗.

Strong Duality
It is sometimes true that

p∗ = d∗.

Slater Condition
If the problem is convex, then the Slater condition states:
If there exists at least one strictly feasible point, i.e.

{x|Ax = b, gi(x) < 0, ∀i ∈ {1, . . . ,m}} ̸= ∅

this always implies strong duality.
3.5.3 Karush-Kuhn-Tucker (KKT) Conditions

Assume that f , all gi and hi are differentiable.
1. Primal Feasibility:

gi(x
∗) ≤ 0 i = 1, . . . ,m

hi(x
∗) = 0 i = 1, . . . , p

2. Dual Feasibility:
λ∗ ≥ 0

3. Complementary Slackness:

λ∗
i gi(x

∗) = 0 i = 1, . . . ,m

implying

λ∗
i = 0 for every gi(x

∗) < 0.

gi(x
∗) = 0 for every λ∗

i > 0

4. Stationarity:

∇xL(x
∗, λ∗, ν∗) = ∇f(x∗) +

m∑
i=1

λ∗
i∇gi(x∗)

. . .+

p∑
i=1

ν∗i∇hi(x
∗) = 0

Convex Problems
Iff (x∗, λ∗, ν∗) satisfy the KKT conditions, then they are op-
timal and Slater’s condition holds, hence strong duality holds

p∗ = d∗.

General Problems
For a general optimization problem there is only a necessary
condition that states:
If x∗ and (λ∗, ν∗) are primal and dual optimal solutions and
strong duality holds, then x∗ and (λ∗, ν∗) satisfy the KKT
conditions.
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3.5.4 Sensitivity Analysis

min
x

f(x) max
λ,ν

d(λ, ν)− u⊤λ− v⊤ν

s.t. gi(x) ≤ ui s.t. λ ≥ 0

hi(x) = vi

where u and v represent the perturbation.
Global Sensitivity Analysis
In the case where strong duality holds for the unperturbed
problem, the weak duality of the perturbed problem implies

p∗(u, v) ≥ d∗(λ∗, ν∗)− u⊤λ∗ − v⊤ν∗

= p∗(0, 0)− u⊤λ∗ − v⊤ν∗

Local Sensitivity Analysis
If in addition p∗(u, v) is differentiable at (0, 0), then

λ∗
i = −∂p∗(0, 0)

∂ui
, ν∗i = −∂p∗(0, 0)

∂vi
,

4 Constrained Finite Time Optimal Control (CFTOC)

4.1 Constrained Linear Optimal Control

J∗(x(k)) =min
U

If (xN ) +

N−1∑
i=0

I(xi, ui)

subject to xi+1 = Axi +Bui, i = 0, . . . , N − 1

xi ∈ X , ui ∈ U , i = 0, . . . , N − 1

xN ∈ Xf

x0 = x(k)

The feasible set describes a set of initial states for which the
optimal control problem is feasible. It is defined only by the
constraints and not by the cost:

XN = {x0 ∈ Rn|∃ (u0, . . . , uN−1) such that xi ∈ X , ui ∈ U
i = 0, . . . , N − 1, xN ∈ Xf ,where xi+1 = Axi +Bui}

4.1.1 Quadratic Cost CFTOC

J∗(x(k)) =min
U

xT
NPxN +

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui

subject to xi+1 = Axi +Bui, i = 0, . . . , N − 1

xi ∈ X , ui ∈ U , i = 0, . . . , N − 1

xN ∈ Xf

x0 = x(k)

4.1.1.1 Construction of QP Without Substitution

J∗(x(k)) =min
z

[
z⊤ x(k)

] [H̄ 0
0 Q

]
︸ ︷︷ ︸

H̃

[
z⊤ x(k)

⊤
]⊤

subject to Ginz ≤ win + Einx(k)

Geqz = Eeqx(k)

z =
[
x⊤
1 · · · x⊤

N u⊤
0 · · · u⊤

N−1

]⊤ ∈ Rnz :=N(nx+nu)

Cost

H̄ =

[
blkdiag(Q, . . . , Q, P ) 0

0 blkdiag(R, . . . , R)

]
Equality Constraints

Geq =


I −B

−A I −B

. . . . . .
−A I −B

 ∈ RN·nx×nz

Eeq =
[
A⊤ 0 · · · 0

]⊤ ∈ RN·nx×nx

Inequality Constraints

Gin ∈ R(nin,x+nin,u)×nz

=

 0 0
blkdiag(Ax, . . . , Ax, Af ) 0

0 blkdiag(Au, . . . , Au)


win ∈ R(nin,x+nin,u)×1, Ein ∈ R(nin,x+nin,u)×nx

win =
[
bx

⊤ |bx⊤ · · · bx
⊤ bf

⊤ |bu⊤ · · · bu
⊤]⊤

Ein =
[
−Ax

⊤ |0 · · · 0 0 |0 · · · 0
]

4.1.1.2 Construction of QP With Substitution
See Subsection 2.1.2

X = Sxx(k) + SuU

Cost

J∗(x(k), U) =min
U

[
U⊤ x(k)

⊤
] [

H F⊤

F Y

]
︸ ︷︷ ︸

H̃

[
U⊤ x(k)

⊤
]⊤

subject to GU ≤ w + Ex(k)

Inequality Constraints

G ∈ R(nin,u+nin,x)×(N ·nu)

=



Au 0 · · · 0
0 Au · · · 0
...

... . . . ...
0 0 · · · Au

0 0 · · · 0
AxB 0 · · · 0
AxAB AxB · · · 0

...
... . . . ...

AfA
N−1B AfA

N−2B · · · AfB


w ∈ R(nin,u+nin,x)×1, E ∈ R(nin,u+nin,x)×nx

w =
[
bu

⊤ · · · bu
⊤ |bx⊤ bx

⊤ · · · bf
⊤] ,

E =
[
0⊤ · · · 0⊤ |−Ax

⊤ −AxA
⊤ · · · −AfA

N⊤
]

4.1.1.3 Comparison: Substitution vs. No Substitution

Substitution No Substitution

# opt. vars. Nnu N(nx + nu)

benefits less opt. vars.
less constraints sparse constr. (∝ N)

drawbacks complicated constr. more opt. vars.
more constr. (∝ N2)

Note that substitution transforms input constraints into state
constraints, making them more involved in general. Hence,
no substitution is often preferable. For small N and large nx

however, substitution can be more efficient.
4.1.1.4 State Feedback Solution

As nx >= 1, the CFTOC problem is a multiparametric
quadratic program (mp-QP) in general with the following
solution properties:
· u∗

0 is of the form (nonlinear feedback policy)

u∗
0 = κ(x(k)), ∀x(k) ∈ X0

with κ : Rn → Rm cont., piecewise affine on polyhedra

κ = κ(x) = F jx+ gj , if x ∈ CRj , j = 1, · · · , Nr

· The polyhedral sets for the individual control laws

CRj = {x ∈ Rn|Hjx ≤ Kj}, j = 1, · · · , Nr

are a partition of the feasible polyhedron X0.
· J∗(x(k)) is convex, piecewise quadratic on polyhedra.
Explicit MPC addresses how to compute this solution.
4.1.2 1-Norm and ∞-Norm Cost CFTOC
4.1.2.1 l∞ Minimization

min
x∈Rn

∥x∥∞ = min
x∈Rn

[max{x1, . . . , xn,−x1, . . . ,−xn}]

subj. to Fx ≤ g

Auxiliary Variable Formulation

min
x,t

t

subj. to − 1t ≤ x ≤ 1t
Fx ≤ g

Application to CFTOC
Introduces a scalar auxiliary variable for each state of the tra-
jectory

z := {εx0 , . . . , εxN , εu0 , . . . , ε
u
N−1, u

⊤
0 , . . . , u

⊤
N−1} ∈ Rs,

s := (m+ 1)N +N + 1

min
z

εx0 + · · ·+ εxN + εu0 + · · ·+ εuN−1

subj. to − 1nεxi ≤ Qxi ≤ 1nεxi

− 1rεxN
≤ PxN ≤ 1rεxN

− 1mεui ≤ Rui ≤ 1mεui

xi = Aix0 +

i−1∑
j=0

AjBui−1−j ∈ X

ui ∈ U , xN ∈ Xf , x0 = x(k)

4.1.2.2 l1 Minimization

min
x∈Rn

∥x∥1 = min
x∈Rn

[
m∑
i=1

max{xi,−xi}

]
subj. to Fx ≤ g

Auxiliary Variable Formulation

min
x∈Rn,t∈Rn

1⊤t,

subj. to − t ≤ x ≤ t,
Fx ≤ g

Application to CFTOC

z := {(εx0)
⊤
, . . . , (εxN )

⊤
, (εu0 )

⊤
, . . . , (εuN−1)

⊤
, u⊤

0 , . . . , u
⊤
N−1}

z ∈ Rs with s := n(N + 1) + 2mN

min
z

1⊤εx0 + · · ·+ 1⊤εxN + 1⊤εu0 + · · ·+ 1⊤εuN−1

subj. to − εxi
≤ Qxi ≤ εxi

− εxN
≤ PxN ≤ εxN

− εui
≤ Rui ≤ εui

General Formulation

y =

[
x
z

]
∈ R(n+N)

min
x
∥Ax∥1 ⇔ min

y

[
0 1⊤

]
y

s.t.
[
A −I
−A −I

]
y ≤ 0

4.1.2.3 l1, l∞ State Feedback Solution

min
z∈Rn

cT z

subj. to Ḡz ≤ w̄ + S̄x(k)

is again a mp-LP with the following solution properties:
· u∗

0 has the form:

u∗
0 = κ(x(0)), ∀x(0) ∈ X0,

where κ : Rn → Rm is cont. piecewise affine on polyhedra:

κ(x) = F jx+ gj , if x ∈ CRj , j = 1, . . . , N r

· The polyhedral sets

CRj = {x ∈ Rn | Hjx ≤ Kj}, j = 1, . . . , N r

are a partition of the feasible polyhedron X0.
· In case of multiple optimizers, a piecewise affine control

law exists.
· The value function J∗(x(0)) is convex and piecewise

affine on polyhedra.
4.2 Common Constraints
4.2.1 Polytopic Constraints

Input Constraints

umin ≤ u ≤ umax ⇔
[
−I
I

]
u ≤

[
−umin
umax

]
Rate Constraints

∥xK − xk+1∥∞ ≤ α ⇔
[
I −I
−I I

] [
xk

xk+1

]
≤ 1α

Magnitude Constraints

∥Cxk∥∞ ≤ α ⇔
[
C
−C

]
xk ≤ 1α

5 Invariance
5.1 Invariance
5.1.1 Invariant Sets

Positively Invariant Set
A set O is said to be a positively invariant set for an au-
tonomous system if

x(k) ∈ O ⇒ x(k + 1) ∈ O, ∀k ∈ {0, 1, . . . }

Maximal Positively Invariant Set O∞
The set O∞ ⊂ X is the maximal positively invariant set with
respect to X if O∞ is positively invariant and O∞ contains all
positively invariant sets.
Geometric Condition for Invariance
A set O is a positively invariant set if and only if

O ⊆ pre(O)

O ⊆ pre(O) ⇐⇒ pre(O) ∩ O = O

5.1.2 Pre-Sets
Given a set S and the dynamic system x(k+1) = g(x(k)), the
pre-set of S is the set of states that evolve into the target set
S in one time step:

pre(S) := {x | g(x) ∈ S}

Linear Autonomous Systems

pre(S) = {x | FAx ≤ f}

5.1.3 Computing Invariant Sets
Input: g, X
Output: O∞
Ω0 ← X

while true do
Ωi+1 ← pre(Ωi) ∩ Ωi

if Ωi+1 = Ωi then
return O∞ = Ωi

5.2 Control Invariance
5.2.1 Control Invariant Sets

A set C ⊆ X is said to be a control invariant set if

x(k) ∈ C ⇒ ∃u(k) ∈ U
such that g(x(k), u(k)) ∈ C for all k ∈ N+

Maximal Control Invariant Set C∞
The set C∞ is said to be the maximal control invariant set for
the system x(k + 1) = g(x(k), u(k)) subject to the constraints
(x, u) ∈ X ×U if it is control invariant and contains all con-
trol invariant sets contained in X .
5.2.2 Conceptual Calculation of Control Invariant Sets

The concept of a pre-set extends to systems with exogenous
inputs:

pre(S) := {x | ∃u ∈ U s.t. g(x, u) ∈ S}

A set C is a control invariant set if and only if C ⊆ pre(C).
Pre-set Computation for Constrained LTI System

pre(S) = {x | ∃u ∈ U , Ax+Bu ∈ S}
= {x | ∃u ∈ U , FAx+ FBu ≤ f}

=

{
x | ∃u,

[
FA FB
0 G

] [
x
u

]
≤

[
f
g

]}
5.2.2.1 Usefulness

MPC implicitly describes a (suboptimal) control invariant set
such that it’s easy to represent and compute.
5.2.2.2 Control Laws from Control Invariant Sets

We can synthesize a control law from a control invariant set
by solving the following optimization problem:

κ(x) := arg min{f(x, u) | g(x, u) ∈ C, u ∈ U},

that will satisfy constraints (but not necessarily converges).
5.3 Computation of Simple Invariant Sets

5.3.1 Polytopes

5.3.1.1 Intersection

S ∩ T =

{
x

∣∣∣∣∣
[
C
D

]
x ≤

[
c
d

]}

5.3.1.2 Equality Test (Subset Test)
P = {x | Cx ≤ c} is a subset of Q = {x | Dx ≤ d} if for each
row, the support function is a subset of D:

hP (Di) ≤ di

where the support (extremum of P in direction Di) is

hp(Di) :=max
x

Dix

s.t. Cx ≤ c

5.3.2 Ellipsoids
If V : Rd → R is a Lyapunov function for the system
x(k + 1) = g(x(k)), then the sublevel set

Y = {x | V (x) ≤ α}

is an invariant set for all α ≥ 0.
5.3.2.1 Linear Systems

For linear systems x(k + 1) = Ax(k), the Lyapunov function
V (x) = x⊤Px (with P ≻ 0 and A⊤PA − P ≺ 0) yields the
ellipsoidal invariant set

Yα =
{
x | x⊤Px ≤ α

}
⊂ X = {x | Fx ≤ f}

Maxmium Invariant Set
If we want to find the largest such Yα, we must solve

max
α

α

s.t. hYα
(Fi) ≤ fi ∀i ∈ {1, ..., n}

hYα
(Fi) = ∥P−1/2FT

i ∥
√
α

α∗ = min
i∈{1,...,n}

f2
i

FiP−1F⊤
i

6 Feasibility and Stability

6.1 Zero Terminal Constraint
6.1.1 Feasibility

Assume feasibility for x(k) with optimal solution

{u∗
0, u

∗
1, . . . , u

∗
N−1}, {x(k), x∗

1, x
∗
2, . . . , x

∗
N}

Applying the first control input u∗
0 to the system, the state will

evolve as

x(k + 1) = Ax(k) +Bu(k) = Ax(k) +Bu∗
0 = x∗

1

it follows directly that the sequence

Ũ = {u∗
1, . . . , u

∗
N−1, 0} → X̃ = {x∗

1, . . . , x
∗
N , Ax∗

N +BuN︸ ︷︷ ︸
0

}

is feasible too. And therefore, recursive feasibility is guaran-
teed and the feasible set is control invariant.
6.1.2 Stability

J∗(x(k + 1)) ≤ J̃(x(k + 1))

=

N−1∑
i=1

I(x∗
i , u

∗
i ) + I(x∗

N , 0)

=

N−1∑
i=0

I(x∗
i , u

∗
i )︸ ︷︷ ︸

J∗(x(k))

− I(x∗
0, u

∗
0)︸ ︷︷ ︸

≥0

+ I(x∗
N , 0)︸ ︷︷ ︸
0

≤ J∗(x(k))

6.2 Terminal Subset Constraint
6.2.1 Stability and Recursive Feasibility: Main Result
S1.1 Stage cost is positive definite, i.e. it is strictly positive

and only zero at the origin.
S1.2 The terminal set Xf is invariant under the local control

law κf (xi):

xi+1 = Axi +Bκf (xi) ∈ Xf , ∀ xi ∈ Xf

All state and input constraints are satisfied in Xf :

Xf ⊆ X , κf (xi) ∈ U , ∀ xi ∈ Xf

S1.3 The terminal cost is a continuous Lyapunov function
in the terminal set Xf and satisfies:

If (xi+1)− If (xi) ≤ −I(xi, κf (xi)), ∀ xi ∈ Xf

where 1. & 2. ensure recursive feasibility, 3. ensures stability.
Then the closed-loop system under the MPC control law u∗

0(x)
is asymptotically stable and the set XN (region of attraction) is
positive invariant (and equal to the feasible set) for the system.
6.2.2 Choice of Terminal Sets and Cost
1. Design a local control law κf around x = 0.
2. Determine the terminal cost to stay in that set under the

local control law.
3. Compute the maximum invariant set for the closed loop

system under the local control law hence Xf .
6.2.2.1 Linear System, Quadratic Cost

· Choose P = P∞ as the solution of the ARE.
· Choose the terminal set to be the maximum invariant set

for the closed loop dynamics (A + BF∞) including state
constraints:

Xcl :=

{
x

∣∣∣∣[ Ax

AuF∞

]
x ≤

[
bx
bu

]}
6.2.2.2 Horizon Length Versus Feasible Set

For an MPC without terminal constraint, increasing N
shrinks the feasible set, as more constraints are added. One
has

XN+j ⊆ XN

For an MPC with terminal constraint, with larger N , the feasi-
ble set and region of attraction grow. The region of attraction
ultimately approaches the maximum control invariant set. One
has

XN ⊆ XN+j

Practical Note
In practice, one can enlarge N and check stability by sampling.
7 Practical MPC
7.1 Reference Tracking

The following concepts apply to piecewise constant references
and not to general time-varying ones.
7.1.1 Steady-State Target Problem

xs = Axs +Bus

Hxs = r
⇔

[
I −A −B
H 0

]
︸ ︷︷ ︸

(nx+nr)×(nx+nu)

[
xs

us

]
=

[
0
r

]

Multiple Solutions
Choose the cheapest (projection):

min u⊤
s Rsus

s.t.
[
I −A −B
H 0

] [
xs

us

]
=

[
0
r

]
xs ∈ X , us ∈ U .

No Solution
Compute the unique reachable set point that is closest to r:

min (Hxs − r)
⊤
Qs (Hxs − r)

s.t. xs = Axs +Bus

xs ∈ X , us ∈ U .

7.1.2 Delta-Formulation for Tracking

∆U∗ = arg min
∆U

N−1∑
i=0

∆x⊤
i Q∆xi +∆u⊤

i R∆ui + Vf (∆xN )

s.t. ∆x0 = ∆x(k) = x(k)− xs

∆xi+1 = A∆xi +B∆ui

Gx∆xi ≤ hx −Gxxs

Gu∆ui ≤ hu −Guus

∆xN ∈ Xf

Control Law
u∗
0 = ∆u∗

0 + us.

Note that if the target steady-state is uniquely defined by the

reference, we can also include the target condition as a con-
straint in the MPC problem.
7.1.3 Convergence

Lyapunov Function
Identical dynamics → use the same Lyapunov function.
Terminal Set
The closed-loop system converges to the target if in addition
to ∆xN ∈ Xf

xs ⊕Xf ⊆ X , K∆x+ us ∈ U , ∀∆x ∈ Xf

7.1.4 Terminal Set
Terminal Set Scaling
To enlarge the set of feasible targets one can scale (preserv-
ing invariance) the terminal set to increase the set of feasible
targets:

X scaled
f = αXf

7.1.5 Offset-Free Reference Tracking
Algorithm
At each sampling time:
1. Estimate state and disturbance x̂, d̂
2. Solve steady-state target problem using d̂
3. Solve MPC problem:

min
U

N−1∑
i=0

(xi − xs)
T
Q(xi − xs)

+ (ui − us)
T
R(ui − us) + Vf (xN − xs)

s.t. x0 = x̂(k), d0 = d̂(k)

xi+1 = Axi +Bui +Bddi, i = 0, . . . , N

di+1 = di, i = 0, . . . , N

xi ∈ X , ui ∈ U , xN − xs ∈ Xf

Observability of Augmented System
The augmented system is observable if and only if (A,C) is
observable and [

A− I Bd

C Cd

]
has full column rank, i.e. rank = nx + nd.
Note that
· The number of measured outputs must be large enough:

nd ≤ ny.
· This is known as Hautus observability condition (or PBH

test).
7.1.5.1 Linear State Estimation[

x̂(k + 1)

d̂(k + 1)

]
=

[
A Bd

0 I

] [
x̂(k)

d̂(k)

]
+

[
B
0

]
u(k)

+

[
Lx

Ld

](
−y(k) + Cx̂(k) + Cdd̂(k)

)
Error Dynamics

[
η(k + 1)
ηd(k + 1)

]
=

[
x(k + 1)− x̂(k + 1)

d(k + 1)− d̂(k + 1)

]
=

([
A Bd

0 I

]
+

[
Lx

Ld

] [
C Cd

]) [x(k)− x̂(k)

d(k)− d̂(k)

]

Choose L such that the error dynamics A+LC are stable (i.e.
LQG).
7.1.5.2 Steady-State Selection[

A− I B
HC 0

] [
xs

us

]
=

[
−Bdd̂

r −HCdd̂

]
7.1.5.3 Offset-free Tracking: Main Result

Let κ(x̂(k), d̂(k), r) = u⋆
0 be the estimation-based control law.

Assume
· nd = ny

· the RHC is recursively feasible and unconstrained for k ≥ j
· and the closed-loop system

x(k + 1) =Ax(k) +Bκ
(
x̂(k), d̂(k), r

)
+Bdd

x̂(k + 1) =
(
A+ LxC

)
x̂(k) +

(
Bd + LxCd

)
d̂(k)

+Bκ
(
x̂(k), d̂(k), r

)
− Lxy(k)

d̂(k + 1) =LdCx̂(k) +
(
I + LdCd

)
d̂(k)− Ldy(k)

converges
(
x̂(k)→ x̂∞, d̂(k)→ d̂∞, y(k)→ y∞ for k →∞

)
.

Then z(k) = Hy(k)→ r as k →∞, i.e. we track the reference
in presence of the disturbance.
7.2 Enlarging the Feasible Set

7.2.1 MPC Without Terminal Set
Conditions
We can remove the terminal constraint while maintaining sta-
bility if
· initial state lies in sufficiently small subset of feasible set
· N is sufficiently large
such that the terminal state satisfies terminal constraint with-
out enforcing it in the optimization.
In that case, the solution of the finite horizon MPC problem



Model Predictive Control - September 13, 2025 3 https://github.com/meiertobias/eth-mpc
corresponds to the infinite horizon solution.
Properties
+ Controller defined in a larger feasible set
- Characterization of ROA or specification of required N ex-

tremely difficult
Method
Enlarge horizon and check stability by sampling.
With larger horizon length N, region of attraction approaches
maximum control invariant set.
7.2.2 Soft Constrained MPC

min
u

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui + ℓϵ(ϵi) + x⊤
NPxN + ℓϵ(ϵN )

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵi

Huui ≤ ku

ϵi ≥ 0

7.2.2.1 Penalty Function Choices
Exact Penalty
The penalty function ℓϵ(ϵi) should be as follows: If the original
problem has a feasible solution z⋆, then the softened problem
should have the same solution and ϵ = 0.
Main Result

ℓϵ(ϵ) = v · ϵ

satisfies the requirement for any v > λ⋆ ≥ 0, where λ⋆ is the
optimal Lagrange multiplier for the original problem.
Practical Penalty
Combine linear and quadratic terms for tuning:

ℓϵ(ϵ) = v · ϵ+ s · ϵ2

with v > λ⋆ and s > 0.
Extension to Multiple Constraints
Assume multiple constraints gj(z) ≤ 0, j = 1, . . . , r. The
penalty then reads

ℓϵ(ϵ) = v · ∥ϵ∥1/∞ + ϵ⊤Sϵ

where
· ϵ = [ϵ1, . . . , ϵr]

⊤,
· v > ∥λ⋆∥D,
· and S ≻ 0 can be used to weight violations differently.
Note that ∥·∥D denotes the dual norm.
Comparison of Penalty Functions
The following properties hold for quadratic and linear penalties
respectively
· Quadratic:

+ Well-posed QP (positive definite Hessian)
· Increase in S hardens soft constraints
- Not exact for any choice of s > 0

· Linear:
+ Allows for exact penalties if v large enough
+ If v is large enough, constraints satisfied if possible
- Large v makes tuning hard and causes numerical issues

7.2.2.2 Simplification: Separation of Objectives
Step 1: Minimize Violation

min
u,ϵ

N−1∑
i=0

ϵ⊤i Sϵi + v⊤ϵi

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵi

Huui ≤ ku

ϵi ≥ 0

Step 2: Optimize Performance

min
u

N−1∑
i=0

x⊤
i Qxi + u⊤

i Rui + x⊤
NPxN

s.t. xi+1 = Axi +Bui

Hxxi ≤ kx + ϵmin
i

Huui ≤ ku

Properties
+ Simplifies tuning, constraints satisfied if possible
- Requires solving two optimization problems
8 Robust MPC

We assume an uncertain constrained system of the form:

x(k + 1) = g
(
x(k), u(k), w(k); θ

)
,

x, u ∈ X ,U , w ∈ W , θ ∈ Θ

where
· w is random noise, changing with time, influencing system

evolution
· θ are unknown, constant or slowly-varying parameters that

impact the dynamics
Goals of Robust Constrained Control
Design control law u(k) = κ(x(k)) such that the system:
1. Satisfies constraints: {x(k)} ⊂ X , {u(k)} ⊂ U for all dis-

turbance realizations
2. Is stable: converges to a neighborhood of the origin
3. Optimizes (expected/worst-case) “performance”
4. Maximizes the set {x(0) | Conditions 1-3 are met }
8.1 Modeling Uncertainty

8.1.1 Common Uncertainty Models
Measurement / Input Bias

g(x(k), u(k), w(k); θ) = g̃(x(k), u(k)) + θ

θ unknown, but constant.
Linear Parameter Varying System

g
(
x(k), u(k), θ(k)

)
=

(
nθ∑
j=0

θj(k)Aj

)
x(k) +

(
nθ∑
j=0

θj(k)Bj

)
u(k)

time-varying parameters θ(k) describe a convex combination
of Aj , Bj with 1⊤θ(k) = 1, θ(k) ≥ 0.
Additive Stochastic Noise

g
(
x(k), u(k), w(k); θ

)
= Ax(k) +Bu(k) + w(k)

where w comes from a known distribution. Used in stochastic
MPC.
Additive Bounded Noise

g
(
x(k), u(k), w(k); θ

)
= Ax(k) +Bu(k) + w(k), w ∈ W

where A,B are known, w is unknown but bounded (from a
discrete set) and changing at each sampling instance.
Note that
· we may model many nonlinearities in this fashion, but often

a conservative model
· the noise is persistent, i.e., it does not converge to zero in

the limit
8.1.2 Robust Invariant Sets

Robust Positive Invariant Set
A set OW is said to be a robust positive invariant set for the
autonomous system x(k + 1) = g

(
x(k), w(k)

)
if

x ∈ OW ⇒ g(x,w) ∈ OW , ∀w ∈ W

The same concept is used for CL systems x(k + 1) =
g
(
x(k), κ(x(k), w(k))

)
.

A robust positive invariant set exists only for asymptotically
stable systems.
Geometric Condition for Robust Invariance
A set OW is a robust positive invariant set if and only if

OW ⊆ preW(OW)

Computing Robust Invariant Sets
Input: g,X ,W
Output: OW

∞
Ω0 ← X

while true do
Ωi+1 ← preW(Ωi) ∩ Ωi

if Ωi+1 = Ωi then
return OW

∞ = Ωi

where Ω0 is chosen so that it is as large as possible, choosing
any w ∈ W .
8.1.2.1 Robust Pre-Sets

preW(Ω) := {x | g(x,w) ∈ Ω, ∀w ∈ W}

Computing Robust Pre-Sets for Linear Systems
Let g(x(k), w(k)) = Ax(k) + w(k) and Ω := {x | Fx ≤ f}.
Then, fulfilling the state constraints can be seen as parallel
displacement of the constraint boundaries

preW(Ω) = {x | Ax+ w ∈ Ω, ∀w ∈ W}
= {x | FjAx ≤ fj − Fjw, ∀w ∈ W}
= {x | FjAx ≤ fj − max

w∈W
Fj}

= {x | FAx ≤ f − hW(F )}

where hW is the support function.
8.1.2.2 Minkowski Sum and Pontryagin Difference

Let A,B be subsets of Rn. The Minkowski Sum is:

A⊕B := {x+ y | x ∈ A, y ∈ B}

The Pontryagin Difference is:

A⊖B := {x | x+ e ∈ A, ∀e ∈ B}

For scalar sets

[a, b]⊕ [c, d] = [a+ c, b+ d]

[a, b]⊖ [c, d] = [a− c, b− d]

8.2 Impact of Bounded Additive Noise
Assume 0 ∈ W (nominal trajectory).

8.2.1 Uncertain State Evolution

ϕi = Aix0 +

i−1∑
j=0

AjBui−1−j +

i−1∑
j=0

Ajwi−1−j

= xi +

i−1∑
j=0

Ajwi−1−j

8.2.2 Cost

J(x0, U,W ) :=

N−1∑
i=0

I(ϕi(x0, U,W ), ui) + If (ϕN (x0, U,W ))

There are multiple methods to achieve independence of W :
· Minimize the expected value

JN (x0, U) = Ew

[
J(x0, U,W )

]
· Consider the worst-case

JN (x0, U) = max
W∈WN−1

J(x0, U,W )

· Consider the nominal case

JN (x0, U) = J(x0, U, 0)

· Use an estimate of the disturbance (certainty equivalence)

JN (x0, U) = J(x0, U, Ŵ )

8.2.3 Robust Constraint Satisfaction
8.2.3.1 State Constraints

ϕi(x0, U,W ) = xi ∈
{
x
∣∣x+ w̄ ∈ X , w̄ ∈ Fi

}
= xi ∈ X ⊖ Fi

where the disturbance reachable set (DRS)

Fi =W ⊕AW ⊕ · · ·Ai−1W
= ⊕i−1

j=0 AjW

shares the dynamics of the system:

Fi+1 = AFi ⊕W

Polytopic Constraints
For the polytopic case X = {x | Fx ≤ f} we get

Fxi + F

i−1∑
j=0

Ajwi−1−j ≤ f, ∀W ∈ Wi

Fxi ≤ f − max
W∈Wi

F

i−1∑
j=0

Ajwi−1−j

= f − hWi

F

i−1∑
j=0

Aj


8.2.3.2 Terminal Constraint

ϕN (x0, U,W ) ∈ Xf

xN ∈ Xf ⊖FN

8.3 Robust Open-Loop MPC

min
U

N−1∑
i=0

I(xi, ui) + If (xN )

subject to xi+1 = Axi +Bui

x0 = x(k)

xi ∈ X ⊖ Fi

ui ∈ U
xN ∈ Xf ⊖FN

here Xf ⊆ X is a robust invariant set for the dynamics
x(k + 1) = Ax(k) + w(k), ∀w.
Robust open-loop MPC potentially has a very small region of
attraction, in particular for unstable systems.
8.4 Robust Closed-Loop MPC

Pre-stabilization
µi(xi) = Kxi + vi

Fixed K that stabilizes the CL (i.e. A+BK is stable)
+ simple
− conservative
− Kxi usually large → remaining optimization in vi shrinks
Linear Feedback

µi(xi) = Kixi + vi

Optimize over time-varying Ki and vi
− Non-convex and difficult to solve
Disturbance Feedback

µi(xi) =

j−1∑
j=0

Mij + vi

Optimize over time-varying Mij and vi, hence over all previous
disturbances
+ Convex version of Linear feedback
+ Least restrictive viable method

+ Very effective
− Computationally expensive (matrix optimization variables)
Constraint Tightening MPC & Tube MPC

µi(xi) = K(xi − x̄i) + vi

Fixed K that stabilizes the CL (i.e. A + BK is stable) and
optimize over x̄i and vi
+ Simple, often effective
+ FB on deviation from xi → remaining opt. in vi grows
8.4.1 Separation of Nominal and Disturbance Control
1. Nominal Control of the disturbance free system

z(k + 1) = Az(k) +Bv(k)

2. Disturbance Control that compensates for deviations
from the nominal trajectory

ui = K(xi − zi) + vi

The controller K is computed offline. We then optimize
over zi and vi.

8.4.2 Error Dynamics / DRS

ei+1 = xi+1 − zi+1

= (A+BK)︸ ︷︷ ︸
AK

ei + wi

=

i−1∑
j=0

Aj
Kwi−j−1, e0 = 0

The DRS for the closed-loop system containing all possible er-
rors is defined as

Fi =W ⊕AKW...⊕Ai−1
K W =

i−1⊕
j=0

Aj
KW, F0 := {0}

Advantages of Feedback
Also works for open-loop unstable systems.
8.4.2.1 Minimum Robust Invariant Set (mRPI)

F∞ =

∞⊕
j=0

Aj
KW

Ω0 ← {0}

while do
Ωi+1 ← Ωi ⊕AiW

if Ωi+1 = Ωi then
return F∞ = Ωi

Note that the set Fi increases in size with i and converges to
F∞. If convergence does not happen in finite time, there are
methods to slightly enlarge Fi so that Fi > F∞.
Comparison of the two variants:

DRS mRPI

Scalar Linear DTI

x(k + 1) = Ax(k) +Bu(k) + w(k)

u(k) = Kx(k)

F∞ =

[
a

1−AK
,

b

1−AK

]
with

AK = A+BK and W = [a, b]

8.4.3 Input-to-State Stability
Assume that the optimal cost J∗ is Lipschitz continuous (true
for linear systems, convex constraints and continuous stage
costs)

|J∗(Ax+Bu∗(x) + w)− J∗(Ax+Bu∗(x))| ≤ γ∥w∥

for some γ > 0.
Then, the Lyapunov decrease can be bounded as

J∗(Ax+Bu∗(x) + w)− J∗(x) ≤ −I(x, u∗(x)) + γ∥w∥

Hence,
· amount of decrease ∥x∥
· amount of increase upper bounded by maxw∈W γ∥w∥
and the system moves toward the origin until there is a balance
between the size of x and the size of w.
8.5 Constraint-Tightening MPC

zi ⊕Fi ⊆ X ⇔ zi ∈ X ⊖ Fi

where the DRS Fi can be computed offline.
8.5.1 MPC Problem

min
Z,V

N−1∑
i=0

I(zi, vi) + If (zN )

subj. to zi+1 = Azi +Bvi ∀i = 0, 1, . . . , N − 1

zi ∈ X ⊖ Fi ∀i = 0, 1, . . . , N − 1

vi ∈ U ⊖KFi ∀i = 0, 1, . . . , N − 1

zN ∈ X ct
f ⊖FN

z0 = x(k)

The terminal set X ct
f is a robust invariant set.

u(k) = v∗0 +K(x(k)− z∗0) = v∗0

8.5.1.1 Constraint-Tightening MPC Assumptions
S3.1 The stage cost I(z, v) is positive definite and only zero at

the origin.
S3.2 The terminal set X ct

f is a robust positively invariant set
for the dynamics x(k+1) = Ax(k)+Bu(k)+w(k) under
the terminal controller κct

f z(k) = Kct z(k):

(A+BKct)z + w ∈ X ct
f , ∀z ∈ X ct

f , ∀w ∈ W

All state and input constraints are satisfied in X ct
f .

X ct
f ⊆ X , KctX ct

f ⊆ U

8.5.1.2 Recursive Feasibility Guarantee
Let the terminal ingredients (If , Cctf ) be chosen such that
· X ct

f ⊆ X
· for all z ∈ X ct

f :
· Kz ∈ U
· (A+BK)z + w ∈ X ct

f , ∀w ∈ W
· If

(
(A+BK)z

)
− If (z) ≤ −I(z, πf (z))

Let
· XN be the feasible set
· and V ∗(x(k)) be the optimizer of the robust constraint-

tightening MPC problem for x(k) ∈ XN .
Then robust invariance is achieved

Ax(k) +Bv∗0(x(k)) + w ∈ XN , ∀w ∈ W

i.e. the problem is recursively feasible.
8.5.1.3 Stability Guarantee

Uses input-to-state stability → details in advanced MPC.
8.6 Tube MPC

The goal is to plan a nominal trajectory zi i.e. the tube cen-
ter, such that all possible state trajectories zi ⊕ E are within
constraints.

zi ⊕ E ⊆ X ⇔ zi ∈ X ⊖ E
ui ∈ KE ⊕ vi ⊂ U ⇔ vi ∈ U ⊖KE

where the mRPI E again can be computed offline.
Ideally E is the the minimum RPI set F∞. A larger set can be
chosen but must be invariant.
8.6.1 Tube MPC Problem

min
Z,V

N−1∑
i=0

I(zi, vi) + If (zN )

subj. to zi+1 = Azi +Bvi ∀i = 0, 1, . . . , N − 1

zi ∈ X ⊖ E ∀i = 0, 1, . . . , N − 1

vi ∈ U ⊖KE ∀i = 0, 1, . . . , N − 1

zN ∈ Xf

x0 ∈ z0 ⊕ E

with the applied control law

µtube(x) = K(x− z∗0(x)) + v∗0(x)

Note that
· the cost is calculated with respect to the tube centers (nom-

inal system)
· the terminal set is w.r.t. the tightened constraints
· The first tube center z0 is also an optimization variable i.e.

z0 has to be within E of x0

· The nominal dynamics can be different from the disturbance
dynamics

· The state trajectory only converges to a neighborhood of
the origin →

∑∞
i=0 ℓ(xi, ui) can be infinite

Comparison to Constraint-Tightening MPC
+ The terminal set Xf is simply the invariant set from the OL

problem. No robust invariance needed!
+ Nominal and disturbed dynamics are completely decoupled
+ Region of convergence can be specified
- Feasible set smaller

Implementation:
Offline
1. Choose a stabilizing controller K so that A+BK is stable.
2. Compute the minimal robust invariant set E = F∞ for the

system x(k + 1) = (A+BK)x(k) + w(k), w ∈ W1

3. Compute the tightened constraints

X̃ := X ⊖ E

Ũ := U ⊖KE

4. Choose terminal weight function If and constraint Xf sat-
isfying the tube assumptions.

Online
1. Measure / estimate state x
2. Solve the Tube MPC optimization problem
3. Set the input to u = K(x− Z∗

0 (x)) + v∗0(x)

8.6.1.1 Tube MPC Assumptions
S2.1 The stage cost is a positive definite function: strictly pos-

itive and only zero at the origin.
S2.2 The terminal set is invariant for the nominal system

under the local controller κf (z):

Az +Bκf (z) ∈ Xf , ∀z ∈ Xf

and satisfies the tightened constraints:

Xf ⊆ X ⊖ E , κf (z) ∈ U ⊖KE ∀z ∈ Xf

S2.3 Terminal cost is a Lyapunov function in Xf :

If (Az +Bκf (z))− If (z) ≤ −I(z, κf (z)), ∀z ∈ Xf

1. The set E is a robust invariant set for the system under
u(k) = KE x(k)

8.6.1.2 Nominal Stability and Recursive Feasibility
Theorem: Robust Invariance of Tube MPC
Let Z be the feasible set, i.e Z := {x | Z(x) ̸= ∅}. Then Z is
a robust invariant set for the closed-loop system

x(k + 1) = Ax(k) +Bµtube(x(k)) + w(k)

under the constraints x ∈ X , u ∈ U .
Theorem: Robust Stability of Tube MPC
The state x(k) of the system

x(k + 1) = Ax(k) +Bµtube(x(k)) + w(k)

converges in the limit to the set E and hence,

lim
k→∞

dist(x(k), E) = 0

where dist(·, ·) denotes any distance function.
The cost for the nominal trajectory vanishes:

lim
k→∞

J(z∗0(x(k))) = 0 ⇒ lim
k→∞

z∗0(x(k)) = 0

8.6.1.3 Proof Sketch
Recursive Feasibility
Given the optimal solution

(
v∗0 , . . . , v

∗
N−1, z

∗
0 , . . . , z

∗
N

)
for x(k),

the next state is

x(k + 1) = Ax(k) +BK(x(k)− z∗0) +Bv∗0 + w, w ∈ W

By construction, x(k + 1) ∈ z∗1 ⊕ E . The shifted trajectory{
v∗1 , . . . , v

∗
N−1, κf (z

∗
N )

}
, {z∗1 , . . . , z∗N , Az∗N +Bκf (z

∗
N )}

is feasible for all x(k + 1).
Details:
· Feasibility of

{
v∗1 , . . . , v

∗
N−1, κf (z

∗
N )

}
· v∗i ∈ U ⊖KE for i = 1, . . . , N − 1 given from feas. at k.
· κf (z

∗
N ) ∈ U ⊖KE for z∗N ∈ Xf by Assumption 2. (Sec-

tion ??)
· Feasibility of {z∗1 , . . . , z∗N , Az∗N +Bκf (z

∗
N )}

· z∗i ∈ X ⊖ E for i = 1, . . . , N − 1 given from feas. at k.
· z∗N ∈ Xf ⊆ X ⊖ E given from feasibility at k.
· Az∗N +Bκf (z

∗
N ) ∈ Xf from invariance of Xf by Assump-

tion 2. (Section ??)
· x(k + 1) ∈ z∗1 ⊕ E follows from:

x(k + 1)− z∗1︸ ︷︷ ︸
ek+1

= Ax(k) +BK(x(k)− z∗0) +Bv∗0 + w

−Az∗0 +Bv∗0

= (A+BK) (x(k)− z∗0)︸ ︷︷ ︸
ek

+w(k)

∈ E if (x(k)− z∗0) ∈ E
⇒ x(k + 1) ∈ z∗1 ⊕ E

Stability
As in standard MPC, we have the value function expression

J∗(x(k)) =

N−1∑
i=0

ℓ(z∗i , v
∗
i ) + ℓf (z

∗
N )

At the next time step k + 1, it holds that

J∗(x(k + 1)) ≤
N∑
i=1

ℓ(z∗i , v
∗
i ) + ℓf (zN+1)

= J∗(x(k))− ℓ(z∗0 , v
∗
0)︸ ︷︷ ︸

≥0

− ℓf (z
∗
N )− ℓf (zN+1)− ℓ(z∗N , κf (z

∗
N ))︸ ︷︷ ︸

≤0

where the last inequality uses the fact that ℓf is a Lyapunov
function on Xf .
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9 Numerical Methods and Implementation

9.1 Explicit MPC
For small systems (3-6 states),
1. The optimization problem is solved offline and paramet-

rically for a set of states.
2. During runtime, the control input is queried from the

pre-computed solution (piecewise affine for linear sys-
tem/ constraints).

9.1.1 Active Set and Critical Region
Active Set
The active set A(x) is the set of indices of active constraints
at a given state x ∈ X0:

A(x) =
{
j ∈ {1, . . . ,m}

∣∣∣GjU − Ejx(k) = wj

}
Its complement is the set of non-active constraints:

NA(x) =
{
j ∈ {1, . . . ,m}

∣∣∣GjU − Ejx(k) < wj

}
Critical Region
The critical region CR is the set of states x for which the same
active set A(x) is active at the optimum:

CR = {x ∈ X : A(x) = A(x∗)}

9.1.2 Quadratic Cost
See quadratic cost CFTOC.
9.1.3 1/∞-Norm Cost

See 1/∞-norm CFTOC.
9.1.4 Point Location

Given m regions, two possible methods to find the critical re-
gion CRj for a given state x(k). Then, the corresponding
piecewise affine function must be evaluated at x(k) to obtain
the control input.
Sequential Search (O(m))
Simply check each polyhedron until the one containing x(k) is
found:

given x = x(k)
for each j do

if Ajx+ bj ≤ 0 then
x is in region j

Logarithmic/Tree Search (O(log(m)))
By constructing a search tree offline, the critical region can
potentially be found in logarithmic time. The search tree is
constructed by recursively splitting the polyhedra CRj by hy-
perplanes. Reasonable for < 1000 regions.
9.2 Iterative MPC

Given an initial guess x0, cost function f(x), and a feasible set
Q, iterative optimization methods compute a sequence of
iterates

xk+1 = Ψ(xk, f,Q), K = 0, 1, . . . ,m− 1

that are ϵ-stationary

∥f(x(m))− f(x∗)∥ ≤ ϵ

and sufficiently feasible

dist(x(m),Q) ≤ δ

9.2.1 Unconstrained Minimization
Problem
Solve

min
x

f(x)

where we assume
· f convex and twice continuously differentiable
· f differentiable at x∗

· optimal value p∗ = minx f(x) finite
The goal is to iteratively solve for the necessary and sufficient
condition

∇f(x∗) = 0

Descent Methods
Descent methods update the current iterate xk in the search
direction ∆xk with a step size hk:

xk+1 = xk + hk∆xk → f(xk+1) < f(xk)

where
· ∆x is a descent direction
· There exists a hk > 0 such that we obtain a cost decrease,

if we step to a certain extent into the opposite gradient di-
rection:

∃hk > 0→ f(xk+1) < f(xk) if ∇f(xk)
⊤
∆xk < 0

The exact direction is to be chosen (e.g. opposite gradient
or Newton).

Algorithm
given x0 ∈ dom(f)
repeat

1. Compute a descent direction ∆xk

2. Line search: Choose step size hk > 0 such that
f(xk + hk∆xk) < f(xk)

3. Update xk+1 := xk + hk∆xk

until termination condition (e.g. f(xk) − f(x∗) ≤ ε1 or
∥xk − xk−1∥ ≤ ε2)

9.2.1.1 Gradient Descent / First-Order Method
Assume

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ ∀x, y ∈ Rn

The update rule becomes

xk+1 = xk −
1

L
∇f(xk)

which is guaranteed to converge to a local minimum of f .
Finding L
Assuming f is L-smooth, the Lipschitz constant L can be de-
termined globally. It is the maximum spectral norm of the
Hessian ∇2f(x), i.e.

L = max
x∈X
∥∇2f(x)∥2

= |max
x∈X

σmax(∇2f(x))|

= |λmax(∇2f(x))|

As the Hessian is always symmetric, L is simply its largest
absolute eigenvalue.
9.2.1.2 Newton’s Method / Second-Order Method

Newton’s method minimizes the second-order Taylor expansion
of f around the current iterate xk:

xk+1 = arg min
x

f(xk) +∇f(xk)
⊤
(x− xk) + · · ·

+
1

2
(x− xk)

⊤∇2f(xk)(x− xk)

xk+1 = xk −
(
∇2f(xk)

)−1∇f(xk)︸ ︷︷ ︸
Newton’s direction

As the second-order Taylor expansion is not necessarily an up-
per bound, we can obtain a cost increase. Hence, the remaining
problem is to choose hk > 0 such that the update decreases f :

xk+1 = xk − hk

(
∇2f(xk)

)−1∇f(xk)

for example by using line search.
9.2.1.3 Line Search

Exact Line Search
Compute the best step size hk along the direction of descent
∆xk:

hk = arg min
h>0

f(xk + h∆xk)

This is an optimization in one variable which can be solved by
bisection (slow, many evaluations of f).
Backtracking Line Search (Inexact)
Find a step size hk that decreases the cost function f suffi-
ciently:

Initialize hk = 1
while f(xk + hk∆xnt) > f(xk) + αhk∇f(xk)

⊤
∆xnt do

hk ← βhk

with α ∈ (0, 0.5) and β ∈ (0, 1).
9.2.2 Constrained Minimization

· PGD: better for small horizon lengths, faster iterations, but
more iterations needed.

· Interior Point Method: better for large horizon lengths,
fewer iterations, but slower iterations.

9.2.2.1 Equality Constrained Newton’s Method
Incorporating equality constraints

min
x

f(x)

subj. to Ax = b

into Newton’s method (and rewriting x− xk = ∆x) yields

∆xnt(xk) ∈ arg min
∆xk

1

2
∆x∇2f(xk)∆x+∇f(xk)∆x

subj. to A∆xk = −Axk + b

Descent Direction
The corresponding descent direction can be found by solving a
linear system of equations[

∇2f(xk) A⊤

A 0

] [
∆xk

λk

]
=

[
−∇f(xk)

0

]
Stationarity
A∆x = 0

If the equality constraint is fulfilled at initilization, the
nullspace constraint A∆x = 0 enforces that the next xk+1 still
satisfies the equality constraint:

Axk+1 = Axk + hkA∆xk = b

Conclusion
Equality constraints yield easy optimization problems as the
search directions can be found by solving a simple linear sys-
tem.
9.2.2.2 Projected Gradient Method

Problem

Consider the constrained convex optimization problem

min f(x) subject to x ∈ Q

where f is convex and L-smooth, and the feasible set Q is
convex.
Step Projection
Constraints on x can be incorporated by projecting the gradi-
ent onto Q using the euclidian projection:

xk+1 = ΠQ(xk − hk∇f(xk))

ΠQ(x) = arg min
y∈Q

∥y − x∥2

Under our assumptions, if we choose step size hk = 1
L , Pro-

jected Gradient Descent (PGD) converges to a local minimum
of f with convergence rates similar to the unconstrained case.
MPC
In the MPC problem setup, the optimization variable is the
control input U . Therefore, input constraints can be in-
corporated by using PGD in the CFTOC formulation with
substitution.
MPC with state constraints are more complicated as the
projection of the intersection (U × X ) ∩ {z|Az = b} is not
trivial. One approach could be to solve the dual problem (sim-
ple inequalities λ >= 0 with cheap projection), which would
require special attention to preserving the feasibility of the pri-
mal problem.
9.2.2.3 Interior Point Method

Problem

min
x

f(x)

subj. to gi(x) ≤ 0 i = 1, . . . ,m

Cx = d

Assumptions
· f, gi are convex, and twice continuously differentiable.
· f(x∗) is finite and attained
· strict feasibility: ∃x such that gi(x) < 0 and Cx = d.
· feasible set is closed and compact
· strong duality holds → KKT conditions can be used
Primal-Dual relaxed KKT Conditions
Primal-Dual interior-point methods solve the following relaxed
KKT system of equations simultaneously for both, the primal
and dual variables:

∇f(x∗) +

m∑
i=1

λ∗
i∇gi(x∗) + CT ν∗ = 0

Cx∗ = d

gi(x
∗) + s∗i = 0,

λ∗
i gi(x

∗) = −κ,
λ∗
i , s

∗
i ≥ 0,

where
· s ∈ Rm are slack variables
· {(x, ν, λ, s)|above eqns. hold} is called primal-dual central

path
· one attempts to successively reduce κ to zero (central path)
At every iteration, the KKT conditions are linearized at the
current iterate (xk, νk, λk, sk):

H C⊤ G⊤ 0
C 0 0 0
G 0 0 I
0 0 S Λ



∆x
∆ν
∆λ
∆s

 = −


∇f(x) + C⊤ν +G⊤λ

Cx− d
g(x) + s
Sλ− v


where

S = diag(s1, . . . , sm)

Λ = diag(λ1, . . . , λm)

H(x, λ) = ∇2f(x) +

m∑
i=1

λi∇2gi(x)

G(x)
⊤
=

[
∇g1(x) ∇g2(x) · · · ∇gm(x)

]
and v replaces κ in the KKT conditions (further relaxation).
The resulting direction ∆[x, ν, λ, s](v) is found by solving the
linear system and depends on the choice of the relaxation pa-
rameter v. For
· v = 0, the direction is a Newton step.
· v = κ1, the direction is called a centering direction that

approaches the central path.
Predictor-Corrector Method
Predictor-Corrector methods use a linear combination of the
two directions, i.e.

∆[x, ν, λ, s](v) = ∆[x, ν, λ, s](σκ1)

where σ ∈ (0, 1), which ensures fast convergence.

10 Appendix
∞∑
k=0

qk =
1

1− q
for |q| < 1


