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1 Discrete-Time Systems

1.1 Digital Control Systems
All continuous-time (CT) system properties hold for discrete-
time (DT) in the same way as DT values form a subset of CT
values.
1.1.1 Holding, D → A

Hold: Linear system that takes DT signal as input and out-
puts CT signal.
Holding results in a CT signal with average delay T/2.
Zero-Order Hold (ZOH)

y(t) = u[k], ∀ kT ≤ t < (k + 1)T, k ∈ Z

y(t) = u

[⌊
t

T

⌋]
, ∀t ∈ R

1.1.2 Sampling, A → D
Sampler: A linear system that takes CT signal as input and
outputs DT sequence.

y[k] = u(kT ), ∀k ∈ Z

1.1.3 Aliasing
Nyquist-Shannon Sampling Theorem
A signal can be reconstructed without aliasing from samples
at rate 1/T if it does not contain frequencies higher than the
Nyquist (folding) frequency:

ωf :=
π

T
[rad/s] =

1

2T
[Hz]

A signal
y[k] = cos[ω · kT ]

has the same samples as a sinusoid with frequency

ω′ =

∣∣∣∣ω ± n
2π

T

∣∣∣∣ , n ∈ N

Anti-Aliasing Filter
Low-pass filter before the A → D converter with

ωc,LP < ωf

where ωc,LP must be high enough to capture system dynam-
ics.
1.2 DT State Space Models

1.2.1 Difference Equations

Time-Invariant Time-Variant (t = kT )

N
on

lin
ea

r x[k + 1] = f(x[k], u[k]) x[k + 1] = f(t, x[k], u[k])
y[k] = h(x[k], u[k]) y[k] = h(t, x[k], u[k])
x[0] = x0 x[0] = x0

Li
ne

ar x[k + 1] = Ax[k] + Bu[k] x[k + 1] = A[k]x[k] + B[k]u[k]
y[k] = Cx[k] + Du[k] y[k] = C[k]x[k] + D[k]u[k]
x[0] = x0 x[0] = x0

As in CT, the system is strictly causal iff D = 0.
1.2.2 Time Response

y[k] = CAkx0︸ ︷︷ ︸
homogeneous r.

+C
k−1∑
i=0

Ak−i−1Bu[i] + Du[k]︸ ︷︷ ︸
forced response

1.2.3 Internal Stability for DT Systems
If A is Diagonalizable
For diagonalizable matrices A:

Ak = (TΛT−1)k = TΛkT−1 = T


λk
1

λk
2

. . .
λk
n

T−1

limk→+∞Ak = 0 is fulfilled if

|λi| < 1, ∀i = 1, . . . , n

which means that all eigenvalues must lie within the unit cir-
cle for the system to be stable.
Reminder:

exp
([

λ1 0
0 λ2

]
t

)
=

[
eλ1t 0
0 eλ2t

]
If A is Defective
Similarly, each block in the Jordan form will converge to zero
if and only if

|λi| < 1, ∀i = 1, . . . , n

Reminder:

exp
([

λ 1
0 λ

]
t

)
=

[
1 t
0 1

]
eλt

exp

λ 1 0
0 λ 1
0 0 λ

 t

 =

1 t 1
2! t

2

0 1 t
0 0 1

 eλt

1.3 Transfer Functions (TF) of DT LTI Systems
Time Response to Elementary Inputs
Similar to the elementary inputs in the CT case, a geometric
sequence zk corresponds to an input sequence

u[k] = u0z
k = u0e

ksT = u(kT ), z = esT

The corresponding time response is

y[k] = CAk(x0 − C(zI−A)
−1Bu0)︸ ︷︷ ︸

transient

+ . . .

+ C(zI−A)
−1Bu0z

k + Du0z
k︸ ︷︷ ︸

steady-state

Pulse/Discrete TF
For asymptotically stable DT LTI systems, for large k and
u[k] = u0z

k:

y[k] ≈ G(z)u[k]

G(z) := C(zI−A)
−1B + D

Remarks
· zk can be interpreted as samples from an exponential
1.3.1 Special TF and Realizations

DC Gain
If G(z) is asymptotically stable and A is invertible, i.e. has
no eigenvalue at 1, then

lim
k→+∞

y[k] = G(1)u0 = (C(I−A)
−1B + D)u0

Time Delay

y[k] = u[k − 1] = u0z
k−1 =

1

z
u[k]

Realizations of DT TF
All methods to create (state space) realizations of CT TF as
LTI models can be adapted to DT TF.
1.4 System Discretization

Similar to CT, the natural dynamics of a DT LTI system are
given by the eigenvalues of Ad.
For given eigenvalues λi of A the eigenvalues of Ad are

zi = eλ1T , eλ2T , . . . , eλnT

Mapping
1. CT left half plane → DT unit disk
2. CT neighborhood of origin → DT neighborhood of +1

point
3. CT poles at jωf → DT −1 point (because ejωfT = −1)
4. CT finite poles cannot be mapped to the DT origin and

the DT origin does not have a CT equivalent

1.4.1 Discretization: Hold and Sample
To discretize the A,B,C,D matrices of a time continuous sys-
tem one has to apply the following transformations:

Ad := eAT Bd :=

(ˆ T

0

eAθdθ

)
B A inv.

= A−1 (Ad − I)B

Cd := C Dd := D

Calculations
Assuming sampling time T
· Check invertibility by looking at the determinant.
· For diagonal matrices Λ, one can apply exponentiation el-

ementwise on the main diagonal.
· For non-diagonal matrices use

· either diagonalization via eigenvectors (A = V−1 ·Λ ·V)
and

eAT = V−1 · eΛT ·V

· or power series expansion

eAT =

∞∑
k=0

1

k!
(AT )

k

1.4.2 Discretization: Frequency Domain
Euler Forward

s =
z − 1

T

Euler Backward
s =

z − 1

zT

Tustin’s Method

Gd(z) = G

(
s =

2

T

z − 1

z + 1

)
which corresponds to a rearranged Padé approximation for z.
1.4.3 Discretization: Time Domain
1.4.3.1 Forward Difference

x(t)− x(t− T ) ≈ T · ẋ(t− T ) = T · (Ax(t− T ) + Bu(t− T ))

yields
x(t) ≈ (I + AT )x(t− T ) + TBu(t− T )

which is simple but can result in an
unstable compensator as

s = λ→ z = 1 + λT

i.e. for large |λ| there is no mapping
into the unit disk.

1

1

1.4.3.2 Backward Difference

x(t)− x(t− T ) ≈ T · ẋ(T ) = T · (Ax(t) + Bu(t))
yields

x(t) ≈ (I−AT )
−1x(t− T ) + (I−AT )

−1
TBu(t)

which avoids instability as

s = λ→ z = (1− λT )
−1

This transforms poles into a disk
smaller than the unit disk. DT poles
cannot get negative real part.

1

1

1.4.3.3 Trapezoidal Rule

x(t)− x(t− T ) ≈ T

2
(ẋ(t) + ẋ(t− T ))

yields

x(t) ≈
(

I− AT

2

)−1(
I + AT

2

)
x(t− T )

+

(
I− AT

2

)−1
BT

u(t) + u(t− T )

2

which maps the left half plane to
the unit disk. This discretiza-
tion method corresponds to Tustin’s
method in frequency domain.

1

1

1.5 Design and Implementation of DT Control Systems
There are two main design paradigms for DT control systems:
1. DT: The CT system is converted to a DT system and the

design process happens in DT
2. Emulation: the design process happens in CT and the re-

sult is transferred to DT

C
om

pe
ns

at
or

de
sig

n 
in

 C
T

GP(s) GP(z)

GC(s) GC(z)

Plant

Compensator

CT DT

Discretization of
compensator (Tustin)

C
om

pe
ns

at
or

de
sig

n 
in

 D
T

1. DT
2. Emulation

Discretization
of  plant 

(Hold a. Sample)

Remarks
· A common method is to

· Use DT design if T is known
· Use CT design with emulation if T is unknown

1.5.1 DT
1. First the CT model of the plant is transformed into a DT

model (use the “Hold and Sample” discretization method
as shown in 1.4.1).

2. Then the discrete compensator can be designed.
1.5.2 Emulation
1. First the compensator is designed in the CT domain.
2. This compensator is then transformed into a discrete com-

pensator with one of the following methods:
· Frequency domain → Tustin’s method (1.4.2)
· Time domain → Trapezoid method (1.4.3.3)

https://github.com/MeierTobias/eth-control-systems-2
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2 Modal Decomposition

2.1 Recall: Eigendecomposition
Let λi and vi be an eigenvalue and an eigenvector of A.

Avi = λivi

A


...

...
v1 · · · vn

...
...

 =


...

...
λ1v1 · · · λnvn

...
...



=


...

...
v1 · · · vn

...
...


︸ ︷︷ ︸

V

λ1 0 0

0
. . . 0

0 0 λn


︸ ︷︷ ︸

Λ

AV = VΛ

Λ = V−1AV

As shown Λ is a diagonal matrix containing the eigenvalues
of A and V is a column stack of the eigenvectors.
2.2 Similarity Transformation

The state space representation is not unique. This can be
used to transform the model into a more «useful/readable»
representation.

x̃ = Tx
Ã = TAT−1

B̃ = TB
C̃ = CT−1

D̃ = D

2.2.1 Modal Transformation
If T is set to the inverse of the eigenvector matrix of A we
get:

T = V−1

x̃ = V−1x
Ã = V−1AV = Λ

B̃ = V−1B
C̃ = CV
D̃ = D

Where Ã is a diagonal matrix with the eigenvalues of A on
its main diagonal.
2.3 Modal Time Response

2.3.1 Modal Coordinates
· The eigenvector vi defines the shape of the i-th mode.
· The modal coordinate x̃i = V−1x scales the mode (e.g., at

the initial condition)
· The eigenvalue λi defines how the amplitude of the mode

evolves over time.
Real λi → eλitxi(0)
Complex λi = σi + jωi → eσit sin(ωit+ ϕ0)xi(0)
Repeated λi → tpeλit

2.3.2 Homogeneous Response
For a given initial condition x(0) = x0 the homogeneous re-
sponse can be computed as follows:
In Modal Coordinates

x̃(t) = eÃtx̃(0)
x̃i(t) = eλitx̃i(0)

which means that
· each mode evolves independently (of other modes) over

time.
· x̃(t) is obtained elementwise from x̃i(t).
In Standard Coordinates
The modes in standard coordinates are given by

mi(t) = eλitx̃i(0)vi

so that
x(t) =

n∑
i=1

mi(t) =

n∑
i=1

eλitx̃i(0)vi

because for an initial condition x0 = vi the time response is
given by

x(t) = eAtvi = eλitvi

and vi form a basis of the corresponding state space.
Remarks
· Note that the standard coordinates time response is ob-

tained by simply multiplying the modal components with
their eigenvectors and summing over all components.

· Attention, the initial conditions have to be transformed as
well.

3 Reachability and Observability
R ⊆ C, R ⊂ S, O ⊂ D

unstable
modes
∈R
∈O

all
modes

C
{

CT : x0 = 0→ xf
DT : x0 = xf → 0

S R
{

x0 = 0→ xf

D O
{

x0 ← u, y

CT: always
DT: Ad invert.

· If a transfer function does not contain any pole-zero-
cancellations, it is observable, controllable and reachable.

· Duality: A,B are reachable if and only if AT,BT are ob-
servable.

· Structural properties of a system (not affected by similar-
ity transforms or even feedback control!)

3.1 Reachability/Controllability
An LTI system is reachable if there exists a control signal
that takes the system from an initial condition x0 = 0 to any
desired final state (vector) xf, in finite time. This means that
each state can be influenced by the input.

R :=
[
B AB A2B A3B · · · An−1B

]
x[n] = RU, U =

[
u[0], . . . , u[n]

]T
Mathematically expressed, a system is reachable if and only
if the reachability matrix R has full row rank n.

rank(R) = n

x ∈ Range(R)

Remarks
· If the system is reachable, then x[n] = RU can be solved for

U which represents the desired sequence of input signals.
· Note that the condition arises from the Cayley Hamilton

Theorem.
· For continuous-time systems controllability and reach-

ability are the same.
3.1.1 SISO diagonal systems

The i-th mode of a system in diagonal form is reachable only
if b̃i 6= 0 because

˙̃xi = λix̃i + b̃iu

This is a necessary but not sufficient condition for reachability
of the whole system.
3.1.2 DT Systems: Controllability

· A DT LTI system is controllable if, for any initial condi-
tion x0, there exists a control input that brings the state
x to 0 in finite time (Note: For Reachability one has the
“opposite” condition).

· Reachability always implies controllability and uncontrol-
lable systems are never reachable

· Controllability only implies reachability iff Ad is invertible
· An unreachable DT system with non-invertible Ad could

be controllable (Eigenvalues at 0). E.g.:
· x[k + 1] = 0x[k] + 0u[k] is controllable (state goes to 0)

but unreachable as det(R) = 0.
3.2 Observability

An LTI system is observable if, for any initial condition x0,
this initial condition can be reconstructed uniquely based on
the knowledge of the input and output signal over a finite
time interval. This means that each state must influence the
output.

O :=


C

CA
CA2

...
CAn−1


Y = Ox[n], Y = [y[0], . . . , y[n]]T

Mathematically expressed, a system is observable if and only
if the observability matrix O has full column rank n.

rank(O) = n

x /∈ ker(O)

Remarks
· Note that x must not be in the null space of O so Ox = 0

iff x = 0 (trivial null space).
SISO Diagonal Systems
The i-th mode of a system in diagonal form is observable only
if c̃i 6= 0 because

y = c̃1x̃1 + . . .+ c̃nx̃n + Du

This is a necessary but not sufficient condition for observabil-
ity of the whole system.
3.3 Modal View: Stabilizability and Detectability

In a system that is stabilizable and detectable all the modes
that cannot be controlled and/or observed must behave

“nicely” on their own.
Stabilizability
· A system is stabilizable if all unstable modes are reach-

able.
· Reachability always implies stabilizability
Detectability
· A system is detectable if all unstable modes are ob-

servable.
· Observability always implies detectability
3.4 Kalman Decomposition

A specific method to group basis vectors.
Diagonalizable system

ẋ =


Λrō 0 0 0
0 Λro 0 0
0 0 Λr̄ō 0
0 0 0 Λr̄o

 x +


Brō

Bro

0
0

 u

y =
[
0 Cro 0 Cr̄o

]
x + Du

General case

ẋ =


Arō A12 A13 A14

0 Aro 0 A24

0 0 Ar̄ō A34

0 0 0 Ar̄o

 x +


Brō

Bro

0
0

 u

y =
[
0 Cro 0 Crō

]
x + Du

r reachable
r̄ not reachable
o observable
ō not observable
Remarks
· In the transfer function u→ y only the modes correspond-

ing to the reachable and observable modes will appear
(others will be cancelled by a zero).

· A realization is minimal iff it is reachable and observable.
4 SISO Pole Placement

This section primarily holds for SISO systems but with some
restrictions also for the MIMO case (see end of this section).
4.1 Full State Feedback

Assuming the internal state of a system can be accessed com-
pletely, the system can be controlled with a reference signal
r (scalar) scaling vector S (column vector) and a static gain
K (row vector):

Sn×1 K1×n System

x

r r̄ ē u y

−

The corresponding closed-loop system is

ẋ = (A− BK)x + BN̄r, N̄ = KS
y = (C−DK)x + DN̄r

Remarks:
· (A− BK) determines the closed-loop dynamics
· zeros are not affected by feedback
4.2 Pole Placement

Pole placement can be used to tune K and S to achieve the
desired closed loop poles λi of a controllable system. The
desired characteristic equation is

φcl,des = det (sI−A + BK) = (s− λ1)(s− λ2) . . . (s− λn)

= sn + αn−1s
n−1 + . . .+ α0

4.2.1 Reachable Canonical Form
If the system is in reachable canonical form and K =
[k0, k1, . . . , kn−1], then

Acl = A− BK =


0 1 . . . 0
0 0 . . . 0
...

...
. . . 1

−a0 − k0 −a1 − k1 . . . −an−1 − kn−1


and the closed-loop characteristic polynomial can be used to
choose the parameters ki based on the desired parameters αi:

φ(s) = sn + (an−1 + kn−1)s
n−1 + . . .+ (a0 + k0)

!
= φcl,des

ki = αi − ai, i = 0, . . . , n− 1

4.2.2 General Case
If the system is controllable but not in reachable canonical
form, the following steps have to be applied to transform the
system into reachable canonical form Ã, B̃, C̃, D̃.
1. Calculate Ã by comparing the characteristic polynomial

of A with the one of the parametric reachable canonical
form Ã.

https://github.com/MeierTobias/eth-control-systems-2
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2. Find transformation matrix T (using Ã from 1. and the
known form for B̃ to calculate R̃):

R̃ =
[
B̃ ÃB̃ . . . (Ã)

n−1B̃
]

= TR =


0 0 . . . 1
... . . .
0 1 −an−1 . . .
1 −an−1 a2n−1 − an−2 . . .


T = R̃R−1

with R̃ the reachability matrix of the transformed system
and ai are the coefficients of Ã

3. Calculate the C̃ matrix.
4. Apply method for reachable canonical form

K′ = [α0 − a0, α1 − a1, . . . , αn−1 − an−1]

5. Transform K̃ back to the original system:

K = K̃RR−1

which is possible if R is invertible (corresponds to control-
lability).

Reminder
The reachable canonical form is given by

G(s) =
bn−1s

n−1 + bn−2s
n−2 + · · ·+ b0

sn + an−1sn−1 + · · ·+ a0
+ d

and

A′ =


0 1 0 0 · · · 0
0 0 1 0 · · · 0
... . . . 1
−a0 −a1 · · · −an−1

 , B′ =


0
0
...
1


C′ =

[
b0 b1 · · · bn−1

]
, D′ = [d];

4.2.2.1 Unreachable/Uncontrollable Modes
Controllability (or reachability) is a necessary and suffi-
cient condition for arbitrary pole placement. Conversely,
in an uncontrollable system in modal coordinates there will
be at least one state

˙̃xi = λix̃i + b̃iu

for which bi = 0.
· Hence, no matter how we choose K, the pole λi will remain

in it’s original location.
· Note however, that this doesn’t make a statement on sta-

bility:
· If the system is not stabilizable (see definition) this is

an issue.
· If the system is stabilizable, the unreachable modes will

remain in their locations and e.g. slow down the system
dynamics but the overall system will still be stable.

4.2.3 Ackermann’s Formula
Assuming that the system is controllable, Ackermann’s for-
mula can be used to calculate K for both CT and DT sys-
tems:

K =
[
0, . . . , 0, 1

]
R−1φcl(A)

φcl,des(s) = sn + αn−1s
n−1 + . . .+ α0 = (s− λ1) . . . (s− λn)

φcl,des(A) = An + αn−1An−1 + . . .+ α0I
= (A− λ1I) . . . (A− λnI)

Remarks
· The formulas are the same for DT as for CT but of course

the poles must be placed in the unit disk instead of the
LHP.

· MATLAB: place or acker (place uses more stable al-
gorithm)

4.2.4 Reference Scaling
To ensure that the closed-loop systems follows unit steps with
zero steady state error, the scaling vector S has to be chosen
accordingly

Gcl
yr(s) = Gcl

y←r(s) = C(sI−A + BK)
−1BN̄r, N̄ = KS

Gcl
y←r(0)

!
= 1

N̄ = −
[
C(A− BK)

−1B
]−1

N̄ =
[
CA−1B

]︸ ︷︷ ︸
DC ol.

·
[
C(A− BK)

−1B
]−1

︸ ︷︷ ︸
DC cl.

In other words, the scaling vector S has to be chosen such
that KS = N̄ .
4.2.5 Pole Placement for MIMO Systems

· If the system is controllable from any one of the inputs,
pole placement works even though we might not use the
full potential of all the inputs

· In addition to the poles, the closed-loop eigenvectors
(modal shapes) can be placed

5 LQR
More details on the derivation of LQR can be found un-
der 10.4 H2 Synthesis.
5.1 Cost Functional

LQR can be used to systematically optimize the static gain
vector K based on tracking errors and control effort.
For the reference input r(t) = 0 the cost functional J is de-
fined as

J(x, t) =
ˆ +∞

0

[
x(t)TQx(t)︸ ︷︷ ︸
tracking error

+ u(t)TRu(t)︸ ︷︷ ︸
control effort

]
dt

Remarks:
· Q

· is symmetric i.e. Q = QT

· is positive semidefinite i.e. xTQx ≥ 0 or eig(Q) ≥ 0
· must give positive weights to unstable modes to penalize

them in the cost function (the pair A,
√

Q is detectable)
· R

· must be positive definite i.e. uTRu > 0 ∀u 6= 0 or
eig(R) > 0 (otherwise not every control effort is penal-
ized).

· is symmetric (see derivation in H2-Synthesis Sec-
tion 10.4)

· The pair A,B must be stabilizable
· In general, there is an additional cross-coupling term xTNu

in J which is often neglected i.e. equal to 0

5.1.1 Bryson’s Rule
Bryson’s rule can be used as a baseline guess for Q,R:

Q =


q21

|x1,max|2
q22

|x2,max|2

. . .
q2n

|xn,max|2



R = ρ


r21

|u1,max|2
r22

|u2,max|2

. . .
r2n

|un,max|2


where

n∑
i=1

q2i = 1 and
m∑
i=1

r2i = 1

and xi,max, uj,max are the maximum deviations that we
are willing to tolerate for the i-th state and j-th input, re-
spectively.
5.2 Continuous Time

First, check A,B for reachability!
In continuous time, first the symmetric, positive definite
solution

P =

p1,1 . . . p1,n
. . .

p1,n . . . pn,n


with

p1,1 > 0

p1,1p2,2 − p21,2 > 0

...

of the continuous algebraic Riccati equation (CARE) has to
be found

ATP + PA + Q− PBR−1BTP = 0

then the static gain matrix K can be obtained by setting
u = −Kx:

K = R−1BTP

Remarks:
· LQR applies directly to MIMO-systems
Matlab: [K,P]=lqr(A,B,Q,R)
5.3 Discrete Time

In discrete time, the cost functional is

J(x, u) =
+∞∑
k=0

(
x[k]TQx[k] + u[k]TRu[k]

)
,

the symmetric, positive definite solution P to the discrete
algebraic Riccati equation (DARE)

P = ATPA− (ATPB)(B′PB + R)
−1

(BTPA) + Q

and the static gain matrix obtained with u = −Kx is

K = (R + BTPB)
−1BTPA

Matlab: [K_d,P_d]=dlqr(A,B,Q,R)
5.4 LQR Servo: Integrator

To compensate model errors or disturbances an integrator can
be added. This is simply done by adding the integral of the
error to the state space model

ẋI = −y + r = −Cx−Du + r

d

dt

[
x
xI

]
=

[
A 0
−C 0

] [
x
xI

]
+

[
B
D

]
u +

[
0
1

]
r

=

[
A 0
−C 0

] [
x
xI

]
+

[
B 0
D 1

] [
u
r

]
,

then apply LQR to the modified state space model which
yields a controller

K′ =
[
K KI

]
u = −K′

[
x
xI

]
+ K′Sr

5.5 Symmetric Root Locus
The symmetric root locus can be used to understand the in-
fluence of ρ (penalizes control effort) on the poles of a closed
loop LQR feedback system. By using Q = CTC and R = ρI,
the symmetric root locus condition simplifies to

ρI + G(s)G(−s) = 0 ⇔
ρD(s)D(−s) + N(s)N(−s) = 0

where G(−s) corresponds to flipping signs in all the odd co-
efficients.
Symmetric Root Locus Rules
· 2n branches, where n is the size of A

· like in standard RL, every branch starts in an OL pole
· but asymptotic behavior different from standard RL

· symmetric to the real and imaginary axis
· LQR closed-loop poles are all in the LHP
· ρ→∞ (expensive control):

CL poles approach stable OL poles and the mirror-images
of the unstable OL poles (all on LHP)

· ρ→ 0 (cheap control):
CL poles approach MP OL zeros and the mirror-images of
the NMP OL zeros or go to infinity along the LHP asymp-
totes (all on LHP)

· note that for ρ → ∞ there are no asymptotes to ∞ but
only convergence towards (mirror) OL poles
· for ρ→ 0 there is also convergence to ∞

5.6 LQR Margins: Kalman Frequency Domain Equality
Considering a SISO LTI system

ẋ = Ax + Bu
y = Cx
Q = CTC, R = ρ

and

G(s) = C(sI−A)
−1B r → y

L(s) = K(sI−A)
−1B r → u

the Kalman Frequency Domain Equality

(1 + L(−s))(1 + L(s)) = 1 +
1

ρ
G(−s)G(s)

holds.
5.6.1 Margins

In the frequency domain (s = jω)

|1 + L(jω)|2 = 1 +
1

ρ
|G(jω)|2 ≥ 1

In the Nyquist plot, the transfer function using the LQR gain
is always outside of a unit circle centered at -1 i.e.
· The phase margin is at least 60° because the Nyquist curve

cannot enter a unit circe centered at −1
· Be aware that LQR synthesizes an optimal controller for

the given model. However the model is never perfect
and the margins to the real system can be smaller due to
uncertainties.

· The gain margin is ( 1
2 ,∞) because the loop transfer func-

tion (Nyquist curve) will never cross the real axis between
(−2, 0) (unit circle argument again)
→ − 1

k = ( 12 ,∞)

6 Observers
In case we desire full-state feedback but there are no sensors
available to measure each state, we could try to simulate the
system with its estimated states x̂.

· we choose x̂0 = 0
· the control input u is computed from the simulated state
· both the simulated model and the physical plant receive

the same control input
Estimation Error Dynamics
· the estimation error η := x− x̂ shares the dynamics of the

OL system η̇ = Aη.
· this can lead to undesirable estimation error dynamics

(slow convergence, oscillations, divergence in case of un-
stable OL system)
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6.1 The Luenberger Observer
We don’t have to fully rely on our state estimation but can
instead, use the available sensory information to improve it.
· the signal y− ŷ = C(x− x̂) = Cη is called innovation and

is the input to the Luenberger observer gain L
· the Luenberger observer corrects the estimated state by a

linear feedback on the innovation
· in other words we design a controller to get a good estimate

of the physical plant’s state

Estimation Error Dynamics
The states evolve as follows:

ẋ = Ax + Bu
˙̂x = Ax̂ + Bu + LC(x− x̂)
˙̂x = (A− LC)x̂ + Bu + Ly

Hence,

η̇ = ẋ− ˙̂x = A(x− x̂)− LC(x− x̂) = (A− LC)η

Remarks:
· The system has to be observable.
· The observer dynamics are given by A− LC.
6.1.1 Observer Pole Placement

For state feedback we obtained the CL eigenvalues A − BK.
For the Luenberger observer we can state the dual problem,
namely placing the poles of

A− LC

respectively

AT − CTLT (same Eigenvalues)

using the methods mentioned in Section 4.2 (Pole Placement)
or LQE (see 6.3).
Observer Pole Placement
L = [ℓ0, · · · , ℓn−1]T can be obtained by comparing the eigen-
values of the observer with the desired ones:

det
(
λI− (A− LC)

) !
= φcl,des(λ)

Ackermann Observer Design
Similarly to state feedback we get

L = φcl,des(A)O−1
[
0, . . . , 0, 1

]T
φcl,des(s) = sn + αn−1s

n−1 + . . .+ α0 = (s− λ1) . . . (s− λn)

φcl,des(A) = An + αn−1An−1 + . . .+ α0I
= (A− λ1I) . . . (A− λnI)

Remarks:
· O has to be invertible. This is the case for observable SISO

LTI systems.
· observability is a necessary and sufficient condition

for arbitrary pole placement
· detectability is necessary for stable observer dynamics

(as we need to observe the unstable poles)
· If the system is

· not observable (so at least one ck = 0)
· diagonalizable and given in modal coordinates

η̇k = λkηk − Ik
k∑

j=1

(c̃jηj)

then the unobservable poles cannot be moved (cannot as-
sign these poles)

Noise Sensitivity
· Large values for L make our measurements more sensitive

to noise.
· Hence, we need to find a trade-off between estimation dy-

namics and robustness to noise.
6.2 Noise Models

We model noise as a stochastic process with a noise signal

w : t 7→ w(t) ∈ Rn

where each w(t) is the realization of a random variable.
6.2.1 White Noise

“Perfect” but unphysical (values change instantaneously)
noise can be modeled as follows:
1. E[w(t)] = 0:

the signal has zero mean.
2. E[w(t)w(t)

T
] = W:

the signal value at each time instance has covariance ma-
trix W, for some positive definite matrix W.

3. E[w(t)w(τ)
T
] = 0:

the signal values at two different times are not correlated.
In fact, we will assume that signal values at two different

times are independent i.e. the matrix W is diagonal
If such a signal additionally is Gaussian-distributed it is called
“zero mean Gaussian white noise”.
6.2.2 Colored Noise

To simulate physical noise we let a white noise input w prop-
agate through an LTI system model (filter) and use the sys-
tem’s output as noise signal:

ẋ = Ax + Bw
y = Cx

The LTI system usually acts as low-pass filter in this case.
6.3 Linear Quadratic Estimator (LQE) / Kalman Filter

Noise affects our state estimation adversely. The LQE /
Kalman filter aims at an optimal trade-off between
· trusting the sensory information and hence, having higher

observer gains in L (increases noise-sensitivity, left image)
· trusting the state-space model and hence, having lower

observer gains (slower convergence) in L (decreases noise-
sensitivity, right image)

and corrects state estimation based on available measure-
ments and assumptions on noise.

Remark: LQE can be applied only to LTI systems.
6.3.1 Optimal LQE Design

For the LQE problem, we get the following LTI Model

ẋ(t) = Ax(t) + Bu(t) + w(t)

y(t) = Cx(t) + n(t)

with the Gaussian white noise signals
· w(t): process noise
· n(t): sensor noise
We model the errors with the covariance matrices

Q = E[w(t)w(t)
T
] (process)

R = E[n(t)n(t)T
], ∀t ≥ 0 (sensor)

The (Luenberger) observer is given by
˙̂x(t) = (A− LC)x̂(t) + Bu(t) + Ly(t)
ŷ(t) = Cx̂(t)

Minimization Problem
The steady-state covariance of the state estimation error

lim
t→+∞

E
[
(x(t)− x̂(t))(x(t)− x̂(t))T

]
is minimized by solving the Riccati equation (ARE)

AY + YAT −YCTR−1CY + Q = 0

for the positive definite matrix Y and choosing the optimal
estimation gain L as

LT = R−1CY

Remarks:
· the system has to be detectable (check for observability)

and (A,Q) stabilizable (check for reachability, treat Q like
B)
(e.g. n = 2 : R = [Q AQ])

· Y is real, symmetric, positive definite (Re(λi) >
0, Im(λi) = 0) and has to fulfil the Sylvester criterion e.g.
for n = 2:

Y =

[
a b
b d

]
; a > 0, ad− b2 > 0

· for symmetric Y one has that YAT = (AY)
T

· as expected from duality, L is the transpose of K, obtained
for the pair (AT,CT), and for weight matrices Q and R.

· in practice, we can measure the noise to get a first estimate
of Q, R

· as a guideline, one should make the innovations Cη as
white as possible

7 LQG / DOFC
Linear-Quadratic Gaussian Compensator (LQG)
Dynamic output Feedback Compensator (DOFC)
7.1 LQG/DOFC State Space Description

The combination of the LQR and the LQE is referred to as a
LQG/DOFC.

S K ẋ = Ax + Bu
y = Cx

r r̄ u y

˙̂x = (A− LC)x̂ + Bu + Ly

−

x̂

Observer

Compensator System

The closed-loop system is given by[
ẋ
˙̂x

]
=

[
A −BK

LC (A− LC− BK)

] [
x
x̂

]
+

[
BKS
BKS

]
r

y =
[
C 0

] [x
x̂

]
If we substitute the estimation error η = x − x̂ using the
similarity transformation

T = T−1 =

[
I 0
I −I

]
we get [

ẋ
η̇

]
=

[
A− BK BK

0 (A− LC)

]
︸ ︷︷ ︸

Acl

[
x
η

]
+

[
BKS

0

]
r

y =
[
C 0

] [x
η

]
The determinant of the closed-loop dynamic output feedback
system Acl is

det(Acl) = det(A− BK) det(A− LC)

Therefore the eigenvalues of the closed-loop system are given
by the union of the eigenvalues of A−BK and of A−LC.
7.1.1 Separation Principle

Based on the independence of the Eigenvalues of the observer
and controller and the assumption of a LTI System with
Gaussian noise, the separation principle states that both
the observer and the controller can be designed individually
i.e.
· choose K as the solution of the LQR problem
· choose L as the solution of the LQE problem

(approx. 10× faster than poles of K)
Recall:
The determinant of a 2× 2 block matrix if M is invertible

det
[
M N
P Q

]
= det(M) det(Q− PM−1N)

if Q is invertible

det
[
M N
P Q

]
= det(Q) det(M−NQ−1P)

In particular

det
[
M N
0 Q

]
= det(M) det(Q) = det

[
M 0
P Q

]
7.1.2 Properties of LQG/DOFC

· The estimation error is uncontrollable from the reference
input (The estimation error is not influenced by the refer-
ence).

· The LQG is often referred to as dynamic output feedback
compensator (DOFC) as the control is not just based on
a static gain but on a dynamic state estimation.

7.2 Transfer Function
The closed-loop transfer function of the LQG/DOFC from
r to y is

Gcl
yr = C(sI−A + BK)

−1BKS

and from u to y (open-loop)

Guy = −K(sI−A + LC + BK)
−1L

Remarks
· In Gcl

yr, only the closed-loop poles of the controller (ob-
server and system are cancelled) and open-loop zeros are
retained.

· Guy, has the same order as the plant and the number of
closed-loop poles is doubled (all stable)

Transmission Zeros

∣∣∣∣∣∣det

sI−A + BK −BK −BKS
0 sI−A + LC 0
C 0 0

∣∣∣∣∣∣
= | det(sI−A + LC)| ·

∣∣∣∣det
[
sI−A + BK −BKS

C 0

]∣∣∣∣
· The eigenvalues of (A− LC) are also zeros
· In the closed loop, only observer poles are eliminated due

to pole zero cancellation
Reference Scaling
To ensure a DC-Gain of 1 we need the reference scaling matrix
S to satisfy
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in the continuous-time case

lim
s→0

Gcl
yr(s) = I

−C(A− BK)
−1BKS = I

for a SISO system

N̄ = KS = − 1

C(A− BK)
−1B

in the discrete-time case

lim
z→1

Gcl
yr(z) = I

C(I−A + BK)
−1BKS = I

for a SISO system

N̄ = KS =
1

C(I−A + BK)
−1B

7.3 LQG/DOFC with Integrator

Like with the LQR compensator an integrator can be added
by augmenting the state vector with new states xI and cal-
culating the new K′ matrix.

ẋI = r − y

K′ =
[
K KI

]
The closed-loop system is then given by ẋ

ẋI

˙̂x

 =

 A −BKI −BK
−C 0 0
LC −BKI A− BK− LC

 x
xI

x̂

+

BKS
I

BKS

 r

y =
[
C 0 0

]  x
xI

x̂


If we substitute the estimation error η = x− x̂ we get

 ẋ
ẋI

η̇

 =

A− BK −BKI BK
−C 0 0
0 0 A− LC

 x
xI

η

+

BKS
I
0

 r

y =
[
C 0 0

]  x
xI

η


Remarks:
· The integrator states don’t have to be estimated as they

are calculated separately and are not part of the observer
or the physical plant.

· The error dynamics are uncontrollable form the reference
(good)

· The closed-loop eigenvalues are a union of the eigenvalues
of A− LC (the observer’s) and of the eigenvalues of the
augmented controller[

A− BK −BKI

−C 0

]
= A′ − B′K′

· The controller output with integrator becomes
u = −Kx−KIxI + KSr. Hence, the term u0 = KSr = Nr
(scaled for the reference) can be considered a feedforward
control input.

7.3.1 Transfer Function
The transfer function from y to u is

Guy = −
[
KI K

](
sI−

[
0 0

−BKI A− BK− LC

])−1 [−I
L

]
7.4 Margins

While LQG/DOFC ensures the closed-loop stability of the
nominal system, the stability margins can be arbitrarily
small.
8 MIMO Systems

8.1 State Space Representation

ẋ︸︷︷︸
n×1

= A︸︷︷︸
n×n

x︸︷︷︸
n×1

+ B︸︷︷︸
n×m

u︸︷︷︸
m×1

y︸︷︷︸
ℓ×1

= C︸︷︷︸
ℓ×n

x︸︷︷︸
n×1

+ D︸︷︷︸
ℓ×m

u︸︷︷︸
m×1

with
· x ∈ Rn, where n is the order of the system.
· u ∈ Rm, where m is the number of inputs.
· y ∈ Rℓ, where ℓ is the number of outputs.
8.2 TF Matrix

Continuous Time

For an elementary input vector u(t) we get the steady state
output vector

yss(t) = G(s)u(t) =

G11(s) . . . G1m(s)
... . . . ...

Gℓ1(s) . . . Gℓm(s)


u1

...
um

 est

︸ ︷︷ ︸
u(t)

where G(s) ∈ Cℓ×m is a complex-valued matrix for s ∈ C.
The transfer function is then given by

G(s) = C · (s · I−A)
−1 · B + D

Discrete Time
The same holds for the discrete time case where est is replaced
by zk and s by z. For further details see 1.3.
Remarks
· Diagonal TF matrices represent decoupled systems
· non-diagonal entries describe the relation of a certain input

and a certain output
8.2.1 Interconnections

To find the interconnection start at output y and proceed
against signal flow towards the input u.
Series Interconnection

G1 G2
u y

y = G2G1u

feedback interconnection

G1

G2

u y
−

y = (I + G1G2)
−1G1u

8.3 Poles
Reminder: Even if the excitation signal does not contain fre-
quency p the output signal will contain this frequency as the
initial condition response x(t) = eAtx0 in modal form contains
oscillations with frequency p.
8.3.1 State-Space Representation

The poles are given by the eigenvalues of A.
8.3.2 Transfer Function Representation

· The poles are given by the roots of the characteristic
polynomial of G(s).

· The characteristic polynomial d(s) of a minimal real-
ization of G(s) is the least common multiple (LCM) of the
denominators of all possible minors Gij .

· The minors are the determinants of all single entries of
the G(s) matrix as well as the determinants of all possible
square submatrices (of all sizes!) in G(s).

8.3.3 Stability
Same condition as in SISO systems:
· Stable if Re(pi ≤ 0) and the algebraic multiplicity of poles

with zero real part is equal to their geometric multiplicity.
Reminder:
· Algebraic multiplicity: multiplicity of eigenvalue λi

(λi = 0 for in case)
· Geometric multiplicity:

· Number of independent eigenvectors to eigenvalue λi

· Dimension of eigenspace ker(λ⊮−A) (number of free
parameters).

· E.g. if λi has algebraic multiplicity 2, then ker(λ⊮−
A) must be a plane.

· Asymptotically stable if Re(pi < 0)

8.4 Zeros
· One can find MIMO zeros either from G(s) (transmission

zeros) or from state space representation (invariant zeros).
· For minimal realizations they are the same.
8.4.1 Transmission Zeros
z0 is a transmission zero (frequency) if there exists a non-zero,
rational function u0(s) such that

lim
s→z0

[G(s)u0(s)] e
st = 0, ∀t ≥ 0

which means that G(s) loses rank for s→ z0.
Method to Determine Transmission Zeros
1. Calculate all minors (of all orders) of G(s)
2. Find the least common (multiple) denominator dmin(s) of

the minors
3. Normalize highest order minors s.t. they have dmin(s) as

denominator
4. Find largest common numerator nmax(s) (usually product

of (s− zi) terms) of the normalized highest order minors.
5. The roots of nmax(s) are the MIMO zeros with their mul-

tiplicities

6. To find the directions u0,i one has to solve the equation

lim
s→zi

[G(s)u0,i(s)] = 0

for each found zero zi.
Remarks
· A MIMO transmission zero is a pair of frequency z0 and

direction u0(z0).
· It can happen that a zero of G is not visible in any of it’s

entries Gij(s).
· The direction of the zero decides whether a MIMO pole

and zero at the same frequency cancel (i.e. there can be a
pole and a zero at same frequency without cancellation!).

· A zero means not just one entry of y is zero but that given
an input vector u 6= 0, y becomes the zero vector.

8.4.2 Invariant Zeros
Invariant zeros are the values of s (and vectors) for which the
following matrix becomes singular and therefore the determi-
nant of the matrix is zero:

det
([

sI−A −B
C D

])
!
= 0

The corresponding input vectors can then be determined by
plugging the invariant zeros into the equation below:[

sI−A −B
C D

] [
xi

ui

]
= 0

and then either solving the linear system.
Remarks
· An invariant zero zi is associated with a vector[

xi
ui

]
the same way a pole is associated with an eigenvector.

· Given zero initial condition and excitation u(t) = uie
sit

(zero direction and zero frequency) we get

y(t) = −CeAtxi

which contains no components of the input and becomes 0
for a corresponding non-zero initial condition.

· For non-minimal realizations invariant zeros can give ad-
ditional zeros (correspond to uncontrollable/unobservable
modes).

8.5 Realizations of MIMO Systems

8.5.1 Naive Realization
Compute realization of each component of G(s) and assemble
them to a new state space model.

A =


A11

A12

. . .
Alm

 , B =



b11

b12

. . .
b21

. . .
blm



C =


c11 c12 . . .

c21 . . .
. . .

cl1 . . . clm


D =

d11 . . . d1m

... . . . ...
dl1 . . . dlm


Problems
· non-minimal
· redundant poles (sum of entrie’s poles)
8.5.2 Gilbert’s Realization

Given
G(s) =

H(s)

d(s)
+ D, G ∈ Cl×m

where
· d(s) is the least common denominator of all entries in G(s)
· D = lims→∞G(s) is the feed-through term.
1. Calculate D = lims→∞G(s)
2. Calculate the poles pi of the system by determining the

roots of d(s).
· If d(s) has no repeated roots, one can use Gilbert’s

method (otherwise the generalized Gilbert’s method
has to be used).

3. Perform a (matrix) partial fraction expansion of G(s)

G(s) =
R1

s− p1
+

R2
s− p2

+ . . .+
Rnd

s− pnd

+ D

with the residues

Ri = lim
s→pi

(s− pi)G(s)

4. Calculate the ranks ri = rank(Ri) which indicate the num-
ber of poles at location pi that are needed.
· The order of the resulting state space model will be

n =
∑nd

i=1 ri ≥ nd

· Reminder: The row rank and column rank of a matrix
are always equal!
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5. Now the A matrix can be assembled

A =


p1Ir1×r1

p2Ir2×r2
. . .

pnd
Irnd

×rnd


6. The Bi and Ci components can be constructed from the

following relation
l×m︷︸︸︷
Ri =

l×ri︷︸︸︷
Ci

ri×m︷︸︸︷
Bi

so that
· Bi has m (# inputs) columns
· Ci has l (# outputs) rows
· Bi and Ci have ri independent rows/columns

7. Assemble the remaining state space matrices

B =


B1

B2

...
Bnd

 , C =
[
C1 C2 . . . Cnd

]
, D = D

Remarks
· Figures out the minimum number of “copies” of each pole

that we need to construct a realization of a MIMO transfer
function.

· A simply contains diagonal matrices of dimension ri × ri
with pi on their diagonals.

· Transmission zeros and invariant zeros are equal in this
(minimal) realization.

8.6 Singular Value Decomposition (SVD)
Any(!) matrix A ∈ Cm×n can be decomposed as

A = UΣVH


U ∈ Cm×m left singular vectors
Σ ∈ Cm×n singular values σi, desc. order
V ∈ Cn×n right singular vectors

where U,V are unitary, Σ is diagonal.
2× 3 Example

A =

 | |
u1 u2

| |


︸ ︷︷ ︸

Rotation

[
σ1 0 0
0 σ2 0

]
︸ ︷︷ ︸

Scaling & Dimensions

— v1
H —

— v2
H —

— v3
H —


︸ ︷︷ ︸

Rotation

with eigenvalues

λu1
= λv1 = σ1

2

λu2 = λv2 = σ2
2

λv3 = 0

Remarks
· See Appendix: 13.1.1 for detailed understanding.
· U, V are unitary i.e. UHU = UUH = I.
· For real A, AHA and AAH are symmetric.
· Unitary implies positive semi-definite and real, non-

negative eigenvalues.
· (Upper- and lower-) diagonal matrices have their singular

values (or eigenvalues) on the main diagonal.
8.6.1 Procedure

Assuming A has rank = min(m,n):
1. calculate the eigenvalues

(use smaller matrix, pad with 0 up to max(m,n))

λV ∈ Rn : det
(
λI−AHA

) !
= 0

or

λU ∈ Rm : det
(
λI−AAH

)
!
= 0

2. calculate the singular values σ and compose Σ ∈ Rm×n.
Order the singular values σ in descending order.

σi =
√
λui =

√
λvi i = 0, 1, · · · ,min(m,n)

Σ =

σ1 · · · 0 0
... . . . ... 0
0 · · · σm 0

 or


σ1 · · · 0
... . . . ...
0 · · · σn

0 · · · 0


3. calculate the eigenvectors of AHA (or start with 4. if

m < n). Use the same order as before and normalize
the vectors if necessary.

AHAvi = λivi(
λiI−AHA

)
vi

!
= 0

or if m < n use for the σi 6= 0

vi = σiAHui

then assemble V

V =

 | |
v1 v2 · · ·
| |


4. calculate eigenvectors of AAH either with

AAHui = λiui

(
λiI−AAH) ui

!
= 0

or with the formula below (this can only be used for the
singular values σi 6= 0)

ui =
1

σi
Avi

or for σi = 0 solve the linear system

AAHui = 0

then assemble U

U =

 | |
u1 u2 · · ·
| |


5.

A = UΣVH

Remarks
· Write out the dimensions of U, Σ and V directly
· Each column of U and V must be normalized (unitary!).
· Hence, one can normalize the vi separately (same for ui).
8.6.2 Interpetation

When looking at the columns of A separately

Avi = σiui

shows that
· a unit input in direction vi results in an output in direction

ui with amplification σi.
· in contrast to multiplying A by a general vector, in case

of a singular vector one can exactly predict the output
direction and magnitude.

· SVD can be seen as generalized eigenvalues/-vectors.
8.6.3 Zeros and Poles via SVD

For a MIMO transfer function A(s), the directions of poles
and zeros can be found with SVD:
1. Set s = z or s = p+ 0.0001
2. Calculate SVD of A(s)
3. Evaluate singular values:

(a) The input zero direction is the column vi with cor-
responding σi = 0.

(b) The output zero direction is the column ui with corre-
sponding σi = 0.

(c) The input pole direction is the column vi with
largest σi.

(d) The output pole direction is the column ui with largest
σi.

Condition Number

κ(A) =
σmax(A)

σmin(A)

Remarks:
· A high condition number suggests that the system is

strongly directional i.e. ill-conditioned and thus difficult
to control.

· Often, considering only the strong singular values is suffi-
cient.

8.7 Norms
· Input vectors with same but permuted entries can generate

wildly different outputs due to directionality.
· Directionality depends on frequency as well.
· Norms are a way to measure “sizes” in order to compare

effects in different directions.
Properties

‖ax‖ = |a| ‖x‖ , ∀a ∈ R, x ∈ V (homogeneity)
‖x + y‖ ≤ ‖x‖+ ‖y‖ (triangle inequality)
‖x‖ > 0 for x 6= 0, ‖x‖ = 0↔ x = 0 (positivity)

Example Norms
· Euclidean norm: ‖x‖ =

√
xHx

· For Hermitian, pos. definite matrices: ‖x‖ =
√

xHQx is a
norm

· p-norm: ‖x‖p= (
∑n

i=1 |xi|p)
1/p with the important cases

‖x‖1 =

n∑
1

|xi| ,

‖x‖2 =

√√√√ n∑
i=1

|xi|2 =
√

xHx

‖x‖∞ = max
i
|xi| .

8.7.1 Matrix Norms
A m×n complex matrix can be seen as an operator between
the vector spaces Cn and Cm i.e.

Am×n : Cn → Cm, x 7→ Ax

If we then provide the vector spaces with a norm, a matrix
norm is induced by the norms of the vector spaces it oper-
ates on.

‖A‖p := sup
x̸=0

‖Ax‖p
‖x‖p

= max
∥x∥p=1

‖Ax‖p

which means that the induced p-norm of A measures how
much multiplication by A amplifies the p-norm of a vector.
In other words, ‖A‖p is the gain of the operator A. The p-
norm finds the maximum possible amplification of a vector
with length 1.
Properties of Induced Norms
As for vectors, homogeneity, triangle inequality and positivity
hold for matrix norms too. Additionally we have:

‖Ax‖p ≤ ‖a‖p ‖x‖p
and the submultiplicative property:

‖AB‖p ≤ ‖A‖p‖B‖p
‖ABx‖p ≤ ‖A‖p‖Bx‖p ≤ ‖A‖p‖B‖p‖x‖p
‖ABx‖p
‖x‖p

≤ ‖A‖p‖B‖p

8.7.1.1 Specific Norms
Induced p-norms
For the p = 1 norm we get the max column-sum:

‖A‖1 = max
j

m∑
i=1

|aij |, xk =

{
±1 k = j

0 else

For the p = 2 norm we get the maximal amplification:

‖A‖2,ind := sup
x ̸=0

‖Ax‖2
‖x‖2

= σmax(A), x = v1

and minimal amplification (assuming rank(A)=n):

inf
x ̸=0

‖Ax‖2
‖x‖2

= σn(A), x = vn

For the p =∞ norm we get the max row-sum:

‖A‖∞ = max
i

n∑
j=1

|aij | xk = ±1 ∀k

Frobenius Norm

‖A‖F : =

 m∑
i=1

n∑
j=1

|aij |2
1/2

= Trace(AHA)
1/2

=

(
r∑

i=1

σi(A)
2

)1/2

· non-induced
· has submultiplicative property even though not induced
Remarks: xk describes the elements of the vector x for which
the norm-specific maximum amplification happens.
8.7.2 Signal Norms

Signals are functions and functions are vectors.

w : T→ Rn, w(t) = (w1(t), w2(t), . . . wn(t))

p-norms
1-norm: Action

‖w‖1 =


∑
k∈Z
‖w[k]‖1 (DT)

´∞
−∞ ‖w(t)‖1dt (CT)

2-norm: Square of the Energy

‖w‖22 =


∑
k∈Z

w[k]
H
w[k] =

∑
k∈Z
‖w[k]‖22 (DT)

´∞
−∞ w(t)

H
w(t)dt =

´∞
−∞ ‖w(t)‖

2
2dt (CT)

∞-norm: Peak Magnitude

‖w‖∞ = sup
t∈T
‖w(t)‖∞ = sup

t∈T
max
i=1...n

|wi(t)|

where the absolute value of the signal must be taken because
the maximum could be negative.
Power (not a norm)

pow(w)
2
=


lim

N→+∞
1

2N

N∑
k=−N

‖w[k]‖22 (DT)

lim
T→+∞

1
2T

´ T
−T ‖w(t)‖

2
2dt (CT)

8.7.2.1 Relationships

‖w‖2 <∞⇒ pow(w) = 0

DT : ‖w‖2 <∞⇒ ‖w‖∞ <∞
CT : ‖w‖2 <∞��⇔ ‖w‖∞ <∞

(pow(w) <∞) ∧ (‖w‖∞ <∞)⇒ pow(w) < ‖w‖2∞
(‖w‖1 <∞) ∧ (‖w‖∞ <∞)⇒ ‖w‖2 <

√
‖w‖1‖w‖∞ <∞

Example
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which illustrates property 3 from above (in both directions).

8.7.3 System Norms
Similar to a matrix, a system maps an input u to an output
y:

y = Su

The induced norm is therefore defined as

‖S‖p,ind := sup
u ̸=0

‖Su‖p
‖u‖p

= sup
u ̸=0

‖y‖p
‖u‖p

8.7.3.1 Terminology
The L2 norm
· is the 2-norm of a signal in continuous time along the real

(time) axis.
The l2 norm
· is the discrete analogon of the L2 norm.
The H∞ norm
· is the 2-norm of a complex function along the imaginary

axis.
8.7.3.2 Parseval’s Identity

‖y‖2L2︸ ︷︷ ︸
Time

=

ˆ ∞
0

‖y(t)‖22dt =
1

2π

ˆ +∞

−∞
‖Y (jω)‖22dω = ‖Y (s)‖2H2︸ ︷︷ ︸

Freq.(s=jω)

i.e. energy is conserved from time to frequency domain.
8.7.3.3 H2 norm

Properties
· Measure of system’s energy (calculated in frequency do-

main)
· Average direction and frequency
· Not induced: Hence, the submultiplicative property does

not hold.
Computation
The H2 norm of a system is given by

‖G‖2H2
= ‖g‖2L2

= Tr
[
CRCT

]
= Tr

[
BTOB

]
where the symmetric matrices R or O are computed by
solving the Lyapunov (matrix) equation

AR+RAT = −BBT

or
ATO +OA = −CTC

respectively. Note that there are m× n equations to solve.
R and O are called Reachability and Observability Grami-
ans and can also be computed by:

R :=

ˆ ∞
0

eAtBBT eA
T t dt

O :=

ˆ ∞
0

eAT tCTCeAt dt

Significance
The H2-norm measures
1. The energy of the impulse response:

‖g‖2L2
:= ‖G‖2H2

2. The energy of the response to initial conditions of the form
x(0) = Bu0 for u0 = (1, 1, . . . , 1)

T

3. The (expected) power of the response to white noise:

E

[
lim

T→+∞

1

T
Tr
(ˆ T

0

y(t)y(t)
H
dt

)]
= ‖g‖2L2

:= ‖G‖2H2

Remarks:
· The LQR/LQE problem can be though as a H2 minimiza-

tion problem.
· In order for ‖g‖2L2

:= ‖G‖2H2
<∞, the system needs to be

strictly causal, i.e. limω→∞G(jω) = 0
· Lyapunov equations are linear in the unknown matrices

whereas Riccati equations have order 2 in the unknown
matrices. MATLAB: lyap.

· Note the duality in the gramians as we had it for reacha-
bility and observability with A,B and AH , CH .

· The H2 norm is a quantity in frequency domain. Note
that we found a method to compute it in state space by
solving linear equations.

· The gramians are (if they are not singular) equivalent con-
ditions to the reachability and observability matrices.

8.7.3.4 H∞ norm
The H∞ norm is induced by the L2 norm.

sup
u ̸=0

‖y‖L2

‖u‖L2

= sup
ω∈R

σmax[G(jω)] =: ‖G‖H∞

Remarks
· In words, the maximum amplification of the signal energy

in time domain corresponds to the maximum singular value
of the system it propagates through.

· In SISO systems, the H∞ norm corresponds to the peak
value of the Bode plot.

· Submultiplicative property for H∞ holds (because in-
duced).

· Note that the singular values are frequency-dependent i.e.
can be shown in a Bode plot.

Computation
Again one wants to compute the norm in state space (instead
of frequency domain), now by using bisection:
1. Check technical conditions: The system must be stable

and strictly causal to use this criterium.
2. Define a lower and an upper bound for ‖G‖H∞ (0 is a good

lower bound as it is the minimum for any norm)
3. Compute the Hamiltonian matrix

Hγ =

[
A 1

γ BBT

− 1
γ CT C −AT

]
where γ is an estimate of ‖G‖H∞ .

4. Does Hγ have eigenvalues on the imaginary axis?
Yes: ‖G‖H∞ > γ, choose larger gamma.
No: ‖G‖H∞ < γ, choose lower gamma.

5. Go back to 2. until enough precision is reached. The final
γ is ‖G‖H∞

Remarks to Computation
· There is no easy analytical way to compute ‖G‖H∞

9 Stability and Performance Robustness
One main achievement of computing the H∞ norm is to ac-
cess stability and performance robustness and achieve robust
control.
9.1 The Small Gain Theorem (SGT)

The (unstructured) SGT attempts to access interconnection
stability. In contrast to the structured SGT, the SGT does
not make any assumptions on the structure of the uncertainty
matrix.
9.1.1 Sufficient Condition

The interconnection of two stable (MIMO) systems, with
transfer functions G1(s) and G2(s), is stable if

‖G1‖H∞
· ‖G2‖H∞

< 1

Remarks
· There could be some systems that violate this condition

but still lead to a stable feedback interconnection.
· Any norm fulfilling the submultiplicative property can be

used for the SGT!
· The small-gain theorem also applies to non-linear, time-

varying systems.
· To have sufficiency, (I−G1G2) must not have zeros in the

RHP.
9.1.2 Necessary and Sufficient Condition

Given a feedback interconnection of G and an unknown sys-
tem ∆ where
· ∆ is stable
· and ‖∆‖H∞

< 1
the FB interconnection of G and ∆ is guaranteed to be
stable iff

‖G‖H∞
< 1

· Otherwise, one can find a ∆ so that (I−G∆) singular.
· Note that one only makes the conservative assumptions:

∆ stable and ‖∆‖H∞
< 1

· In fact, one can sometimes make more assumptions (see
SSV).

9.2 Modelling Uncertainty

To take uncertainty into account, one first defines an uncer-
tainty model, consisting of
1. A nominal model P
2. A set of models that is guaranteed to contain the system

uncertainty, and is easier to handle
and then designs a control system that meets the stability
and performance specifications for all possible models in the
uncertainty model.
Assumptions on Uncertainty
In the following uncertainty models one assumes that ∆
· is minimum-phase

· does not cancel unstable poles of the nominal system
· |∆(jω)| < 1, ∀ω
and that there is a high-pass transfer function W called fre-
quency weight so that the total uncertainty is given by

W(s)∆(s)

9.2.1 Common Uncertainty Models
Additive Uncertainty

P̃(s) = P(s) + W(s)∆(s)

Multiplicative Uncertainty

P̃(s) = P(s)(1 + W(s)∆(s))

Feedback Uncertainty

P̃(s) = (I− P(s)W(s)∆(s))
−1P(s)

9.3 Robust Stability
· Equivalent to SISO bode plot obstacles (now obstacles are

given by singular values and in time domain)
· Now we impose constraints on the H∞ norm
· Caution: depending on the convention the block diagrams

vary and some matrices in a specific G will be permuted
to the forms shown below.

General Procedure

Given an uncertainty and a controller designed for the nom-
inal plant P one computes the transfer function without the
system ∆ and then applies the SGT. The transfer function
G to be found is from the output of ∆ to it’s input i.e. find:

GBA = BA−1

Additive Uncertainty

The CL system is robustly stable iff

‖G(s)‖H∞ = ‖ − (I + CP)−1CW‖H∞ < 1

Remember: this is a necessary and sufficient condition.
Multiplicative Uncertainty

The CL system is robustly stable iff

‖G(s)‖H∞ = ‖ − (I + CP)−1CPW‖H∞ < 1

Feedback Uncertainty

The CL system is robustly stable iff

‖G(s)‖H∞ = ‖W(I + PC)
−1P‖H∞ < 1

9.4 Robust Performance
The “robust performance” problem can be formulated in a
way that matches the “robust stability” problem.
· Isolate the two signals between which amplification is un-

wanted.
· Apply the SGT to the rest of the system as done for robust

control.
Disturbance at Output
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· We don’t want the energy (induced 2-norm) of disturbance
ξ to be amplified at the output.

· Therefore we want to limit the gain from ξ to y
· Instead of unwanted amplification in the FB path we

now look at ξ → y.
Applying the SGT (assuming ∆ = Gyξ) yields

‖Gyξ‖H∞ = ‖(I + PC)
−1W‖H∞ < 1

9.5 Robust Disturbance Rejection

We want to consider robust stability and robust performance
simultaneously. To do so we need
· An uncertainty block
· A transfer function matrix describing all uncertainty

input-output relations
We model an uncertainty block by[

w1

w2

]
=

[
∆1 0
0 ∆2

]
︸ ︷︷ ︸

∆

[
z1
z2

]
stability

robustness

And the transfer function matrix for the SGT by

M =

[
Gz1w1

Gz1w2

Gz2w1 Gz2w2

]
=

[
−W1P0K(I + P0K)

−1 −W1P0K(I + P0K)
−1

W2(I + P0K)
−1 W2(I + P0K)

−1

]
9.5.1 Robustness Assessment

Robustness can now be accessed by applying the SGT to M

‖M‖H∞
< 1

to achieve robust disturbance rejection.
Remarks
· Note that we ignored the diagonal structure of ∆ which

makes our assumptions too conservative (see SSV for less
conservatism).

· Also note that M has rank 1. In this case one can calculate
the SSV exactly (see below).

9.6 Structured Singular Value (SSV)
The condition from the unstructured SGT is a conservative
assumption as the SGT could be applied to an arbitrary ∆.
For example, as the ∆ from 9.5 has block-diagonal structure,
less conservative robustness conditions could be applied.
Definition of SSV
The SSV is defined with respect to a class of perturba-
tions D as the inverse value of the smallest σmax making M
singular:

µ(M) :=
1

inf{σmax(∆) : det(1−M∆) = 0}
, ∆ ∈ D

· Convention: If det(I−M∆) 6= 0, ∀∆ ∈ D, then µ(M) = 0.
· If ∆ is diagonal and M has rank one the SSV can be com-

puted analytically.
Properties of the SSV
· µ(M) ≥ 0
· If D is arbitrary: µ(M) = ‖M‖H∞ (unstructured case)
· If D = {λI : λ ∈ C}: µ(M) = ρ(M) (spectral radius =

largest eigenvalue, easy to compute)
· If D is the set of diagonal (complex) matrices then

µ(M) = µ(D−1MD)

for any invertible diagonal (complex) scaling matrix D and

ρ(M) ≤ µ(M) ≤ inf
D

σmax(D−1MD) ≤ σmax(M)

9.6.1 Accessing Stability Using SSV
Stability Condition
The M −∆ FB system is stable for all ∆ ∈ D, ‖∆‖H∞

< 1
iff

µ(M(jω)) ≤ 1, ∀ω ∈ R

which is less conservative than the SGT.
9.6.1.1 Rank-One Problems

In general, there is no closed-form method for computing the
SSV (must resort to, e.g., estimating upper bounds (e.g., by
scaling matrices)).
However, when
· ∆ is a diagonal (complex) matrix,
· and M is a rank 1 matrix, i.e.,

M = abH

for some complex vectors a, b ∈ Cn

then one can compute the structured singular value exactly.
One has

det(I−M∆) = 1−
∑
i

aibH
i δi

and since σmax(∆) = maxi |δi| one has

µ(M) =
∑
i

|aibH
i |

Remarks
· Given the mentioned conditions one can express M as the

product of two vectors.
· One can then easily calculate the SSV from these vectors

(instead of from M).
10 Modern Controller Synthesis

To unify the controller synthesis the following standard form
has been established.

u: control input
y: measured output
r: reference signal
w: disturbance
z: performance output
q: uncertainty block input
v: uncertainty block output

The objective is to stabilize the system in presence of ∆ and
minimize the performance outputs z, given the exogenous ref-
erence and disturbances.
10.1 Frequency Weights

To guide the optimization process the performance outputs
zi are weighted with frequency dependent weighting functions
Wi.
The most common performance outputs are

with the known transfer functions

L(s) = P (s)C(s) loop TF
S(s) = Ger(s) = (I + L(s))

−1 sensitivity
T (s) = Gyr(s)

= (I + L(s))
−1

L(s) = I − S(s) comp. sensitivity

Tracking Error
Is given by

z1 = W1Ger = W1S(s)

· If W1(s) is chosen large at low frequencies S(s) must be
small in order to minimize z1. In other words, the tracking
error must be small at low frequencies.

· This is the same as requiring σmin[L(s)]� |W1(s)|, which
corresponds to the low-frequency “Bode obstacle” in the
SISO case.

Control Effort
Is given by

z2 = W2Gur(s) = W2C(s)S(s)

· Useful to limit the maximum control effort (large W2 yields
small u)

Noise Rejection
Is given by

z3 = W3Gyn = −W3T (s)

· If W3 is chosen very large for high frequencies, the comple-
mentary sensitivity must be very small at high frequencies.

· This is the same as requiring σmax[L(s)]� |W3(s)|, which
corresponds to the high-frequency “Bode obstacle” in the
SISO case.

Stability Robustness
For stability robustness in the presence of uncertainty ∆ the
same weighting method can be applied.

z∆ = ∆(s)W∆(s)

with

‖∆(s)‖H∞ < 1

‖M(s)‖H∞ < 1

where M(s) is the TF from the output of ∆ to its input.
10.1.1 First Order Weights

Weights with magnitude m can be achieved by:
Lowpass

W (s) =
m

ms
ω + 1

Highpass
W (s) =

ms

s+mω

MATLAB: makeweight
10.2 State Space Representation

To synthesize a controller an assembled state space model of
the generalized system (G) can be constructed. This yields a
similar approach as the transfer function-based one before.
Plant

P :

[
Ap Bp

Cp Dp

]
P (s) = Cp(sI −Ap)

−1
Bp +Dp

MATLAB: P=ss(Ap, Bp, Cp, Dp)
Frequency Weights
For each weight we get

W :

[
−p 1

r − qp q

]
W (s) =

qs+ r

s+ p

Generalized System
The generalized system is obtained by stacking all the state-
space models:

G :

 A Bw Bu

Cz Dzw Dzu

Cy Dyw Dyu


G(s) =

[
Gzw(s) Gzu(s)
Gyw(s) Gyu(s)

]
The matrix A contains both the dynamics of the plant and
the frequency weights.
MATLAB: augw(P, W1, W2, W3)
Controller

K :

[
Ac Bc

Cc Dc

]
K(s) = Cc(sI −Ac)

−1
Bc +Dc

As u(s) = K(s)y(s) the closed loop TF from the exogenous
inputs w to the performance outputs z is given by the Linear
Fractional Transformation:

F (s) = Gzw(s) +Gzu(s)K(s)(I −Gyu(s)K(s))
−1

Gyw(s)

MATLAB: F = lft(G, K)
10.2.1 Controller Synthesis

Given F one can use various control synthesis techniques, e.g.
H2 Design
Minimize

‖F‖2 :=

(
1

2π

ˆ +∞

−∞
Tr[F (jω)

∗
F (jω)] dω

)1/2

i.e. ˆ +∞

0

‖f(t)‖22dt

H∞ Design
Minimize

‖F‖∞ := sup
ω

σmax[F (jω)]

i.e. ˆ +∞

0

‖z(t)‖22dt

for unit-energy inputs i.e.
´ +∞
0
‖w(t)‖22dt = 1

10.3 Youla’s Q Parameterization
One can get all stabilizing controllers for a given plant as
a function of a single stable transfer function Q(s). This is
called the Youla parameterization (Q-parameterization).
· Extension of a full state feedback controller (including ob-

server) with a system Q that takes the innovation as an
input.

· Valid in a very general setting, including MIMO
· Q needs to be stable and has to consist of a proper ra-

tional transfer function. Reminder:
· Proper: deg(Den) ≤ deg(Num)
· Rational: fraction of two polynomials

· Note that positive feedback is used (common in modern
control).

Assuming a controllable and observable plant, the closed-loop
dynamics are given by ẋ
ẋQ

η̇

 =

A+BK BCQ −BK
0 AQ BQC
0 0 A+ LC

 x
xQ

η

+

I 0
0 C
0 C

[r
d

]
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The closed-loop poles are the union of the full-state feedback
poles A + BK, the observer poles A + LC and the poles of
Q(s).
10.3.1 SISO Controller Design

The TF from y to u hence the TF of the controller C(s) can
be written as

C(s) = −(X0(s) +Q(s)N(s))
−1

(Y0(s)−Q(s)D(s))

where
C0(s) = −X0(s)

−1
Y0(s)

is the TF when Q(s) = 0 with controller gain K0 and observer
gain L0

X0(s) = −K0(sI −A− L0C)
−1

B

Y0(s) = −K0(sI −A− L0C)
−1

L0

and N , D are the nominator and denominator of the plant

N(s) = C(sI −A− L0C)
−1

B

D(s) = −C(sI −A− L0 − C−1L0)

where L0 is an observer gain that would stabilize the error
dynamics.
10.3.1.1 Finding a Stabilizing Controller

It can be shown that the interconnection of the system is
stable if the Bezout identity is fulfilled

D(s)X(s)−N(s)Y (s) = 1

and that all feedback stabilizing controllers for a SISO(!)
system P are given by

C(s) =
Y0(s)−D(s)Q(s)

X0(s)−N(s)Q(s)

One can then
1. Find a default “dummy” controller C0(s).
2. Plug it into C(s).
3. Use optimization algorithms to find a better controller

C(s) by systematically iterating through many stable Q
functions.

10.3.2 (Complementary) Sensitivity
The sensitivity function is given by

S(s) = D(s)(X0(s)−N(S)Q(s))

and the complementary sensitivity function by

T (s) = −N(s)(Y0(s) +D(s)Q(s))

10.4 H2 Synthesis
The dynamics of the standard setup for modern control syn-
thesis are given by

x(0) = x0

ẋ(t) = Ax(t) + Bww(t) + Buu(t)
z(t) = Czx(t) + Dzww(t) + Dzuu(t)
y(t) = Cyx(t) + Dyww(t) + Dyuu(t)

LQR, LQE, LQG are applied to special cases of the standard
setup.
10.4.1 LQR

Problem Statement
In the LQR problem we assume
· Full state feedback: Cy = I
· No disturbance input: w = 0 (Bw = Dzw = Dyw = 0)
· no cross-coupling term N : (CT

z Dzu = 0)
· i.e.  A 0 Bu[√

Q 0
]T 0

[
0
√

R
]T

I 0 Dyu


and try to find a control signal u(t, x) that minimizes

‖z‖22 =

ˆ +∞

0

‖Czx + Dzuu‖22dt

where

Cz =
[√

Q 0
]T ⇔ Q = CT

z Cz

Dzu =
[
0
√

R
]T ⇔ R = DT

zuDzu

which yields the known LQR problem

‖z‖22 =

ˆ +∞

0

(xTQx + uTRu) dt

Solving for the Controller Matrix
One can show that minimizing ‖z‖22 imposes the following
ARE on XF :

ATXF + XF A−XF Bu(DT
zuDzu︸ ︷︷ ︸

R

)
−1BT

uXF + CT
z Cz︸ ︷︷ ︸
Q

= 0

Solving this ARE yields the controller

F = −
(
DT

zuDzu

)−1BT
uXF

where XF is symmetric and positive semidefinite.
Technical Considerations

1. (A,Bu) stabilizable.
2. (Cz,A) detectable.

This ensures that any unstable mode of A is detected by
the performance output.

3.
[
A− jωI Bu

Cz Dzu

]
has full column rank for all ω ∈ R

Ensures that control effort is penalized at all ω so that the
Hamiltonian does not have purely imaginary eigenvalues.

4. DT
zuDzu = R, invertible, i.e., Dzu has full column rank

Is for convenience.
Remarks
· One can show that this control law is optimal to achieve

the stated minimization.
· Technical considerations 1.-3. ensure that the Riccati equa-

tion admits a solution Y that is positive semi-definite.
10.4.2 LQE / Kalman Filter

Problem Statement
In the LQE problem we assume
· That u takes the role uf the observer update
· Full state updates: Bu = I (u updates the states)
· Zero initial conditions: x̃(0) = x(0)− x̂(0) = 0
· BwDT

yw = 0 i.e., process noise and sensor noise are uncor-
related.

· i.e. A
[√

Q 0
]T I

Cz Dzw Dzu

Cy

[
0
√

R
]T Dyu


and try to find an update signal u(t, x̃) ∈ L2 that minimizes
power in the error signal due to white noise disturbance w.
Noise
Process noise and sensor noise affect the system as

dx̃
dt

=Ax̃ + Bww affects real, physical state

y =Cyx̃ + Dyww affects measurements

and are modelled by

Bw =
[√

Q 0
]T ⇔ Q = BwBT

w

Dyw =
[
0
√

R
]

⇔ R = DywDT
yw

where process noise and sensor noise are not correlated i.e.

E
[
wTBT

wDywwT] = 0

Solving for the Observer Matrix
One can show that the given problem statement on u imposes
the following ARE on YL:

AYL + YLAT −YLCT
y

(
DywDT

yw

)−1CyYL + BwBT
w = 0

The optimal observer matrix is then given by

L = −YLCT
y (DywDT

yw︸ ︷︷ ︸
=R

)
−1

where YL is symmetric and positive semidefinite.
Technical Considerations
1. (Cy,A) detectable.

To observe unstable modes.
2. (A,Bw) stabilizable

That unstable modes are affected by disturbance to actu-
ally track it.

3.
[
A− jωI Bw

Cy Dyw

]
has full row rank for all ω ∈ R

That errors are penalized at all frequencies and condition
on Hamiltonian.

4. DywDT
yw = Rww invertible, i.e., Dyw has full row rank.

For convenience.
Remarks
· One can show that this control law is optimal to achieve

the stated minimization.
· Technical considerations 1.-3. ensure that the Riccati equa-

tion admits a solution Y that is positive semi-definite.
10.4.3 LQG

Due to the separation principle we can design the LQR
and LQE controller separately (assuming all technical consid-
erations are fulfilled). This process yields an optimal con-
troller of the form

K =

 A + BuF + LCy −L Bu

F 0 I
−Cy I 0


with

F = −R−1uu (BT
uX + DT

zuCz)

where X is the stabilizing solution to the corresponding ARE
and an optimal observer

L = −(YCT
y + BwDT

yw)R−1ww

where Y is the stabilizing solution to the corresponding ARE.
10.5 H∞ Synthesis
H∞ minimizes the worst-case input-output gain (singular val-
ues).
Differentiation from H2 Synthesis
· H2 is optimal given

1. The cost trade-offs between the state error and the con-
trol effort

2. The expected covariances of the disturbance and sensor
noise

i.e. optimal w.r.t. time-domain specifications.
· H2 specifications are given in time domain: difficult to

handle frequency-domain specifications.
· For H2 design one could use a “mixed sensitivity” ap-

proach, and further augment the plant P with frequency-
dependent weighting functions.

· H∞ provides a more direct way to handle frequency-
domain specifications. i.e. it allows to achieve a de-
sired level of robustness to disturbances and noise (“Bode
obstacles”).

Remarks
· H∞ synthesis requires (as H2) a detectable and stabiliz-

able plant.
10.5.1 Optimal H∞ Synthesis

In principle, we would like to find a controller K that mini-
mizes the energy (L2) gain of the CL system i.e.

‖Tzw‖H∞
= sup

w ̸=0

‖z‖L2

‖w‖L2

However, the optimal controller(s) are such that
1. σmax(Tzw(jω)) is a constant over all frequencies, the re-

sponse does not roll off at high frequencies (Bode’s integral
law).

2. The controller is not strictly proper. (The optimal con-
troller is not unique)

3. Computing an optimal controller is numerically challeng-
ing.

10.5.2 Suboptimal H∞ Synthesis
Problem Statement
In practice one pursues a sub-optimal design, i.e., given γ > 0,
find a controller K such that

‖Tzw‖H∞ < γ

if one exists. This can be formulated mathematically as a
cost function:

‖z‖2L2
− γ2‖w‖2L2

< 0

where we search for the smallest γ such that the controller can
achieve negative cost. We need γ≤ 1 for a stabilizing con-
troller as otherwise for larger gamma one could easily achieve
negative cost even though the energy of the disturbance gets
not damped at all! The formula can be understood as
· z is the performance output given some disturbance w
· We want to damp z given w (remember the definition of

the induced L2 norm above)
· The aforementioned formula becomes negative if the

disturbance energy term is larger than the (hopefully
damped) performance output z. A small γ gives an even
faster controller as it is more difficult to achieve negative
cost then.

· Faster is not necessarily better as control effort rises.
Conditions
For feasibility one must have
1. (Aext,Bu) must be stabilizable
2. (Cext,y,Aext) must be detectable
3.
[
A− jωI Bw

]
,
[
AH − jωI CH

z

]
must have full row rank

A controller K fulfilling the cost inequality exists, only if
1. The following ARE has a solution for X∞

AHX∞ + X∞A + CH
z Cz = X∞(BuBH

u − γ−2BwBH
w)X∞

2. The following ARE has a solution for Y∞
AY∞ + Y∞AH + BH

wBw = Y∞(CyCH
y − γ−2CzCH

z )Y∞
3. The matrix γ2I−Y∞X∞ is positive definite
Bisection Algorithm
1. Initialize to, e.g, γ− = 0, γ+ = the H∞ norm of the H2

optimal design (approximation of a reasonable bound).
Let K+ be the optimal H2 controller.

2. Let γ ← γ−+γ+

2 . Check whether a controller exists such
that ‖Tzw‖H∞ < γ.

3. If yes, set γ+ ← γ, and set K+ to the controller just de-
signed. Otherwise, set γ− ← γ.

4. Repeat from step 2 until γ+ − γ− < ϵ.
5. Return K+.
Remarks
· The conditions are only fulfilled if γ ≤ 1
· For γ > 1 use relaxed weights
· The final controller gains are

Fu = −BH
uX∞, Fw =

1

γ2
BH

wX∞

· The final observer gain is

L = −(I− γ−2Y∞X∞)
−1Y∞CH

y

Simplified Setup
Solving the problem is simplified if
· CT

z Dzu = 0, i.e.,the cost if of the form
´ +∞
0

xTQx +
uTRu dt.
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· BwDT
yw = 0, i.e., process noise and sensor noise are uncor-

related.
· DT

zuDzu = 1,DywDT
yw = 1.

10.5.3 Applying Frequency Weights
One can apply frequency weights to different performance
outputs, similar to the “Bode obstacles” for SISO systems.
· In order forH∞ synthesis to be possible, frequency weights

must be stable and proper.
· Integrators (not asymptotically stable) can be approxi-

mated by very slow poles.
· MATLAB:

· Pinf=augw(G,W1,0,W3)
creates the augmented (weighted) system

· [Kinf, CL, GAM, INFO]=hinfsyn(Pinf,1,1)
applies optimal H∞ synthesis

· [K09, CL, GAM, I]=hinfsyn(Pinf,1,1,0.9)
applies suboptimal H∞ synthesis targeting γ = 0.9.
This can yield a more feasible controller (less control
effort)

11 Nonlinear Systems

11.1 Concepts of Stability
A nonlinear system

ẋ(t) = f(x(t), u(t)) x(0) = x0

y(t) = h(x(t), u(t))

does not satisfy the superposition property and there-
fore
· Effects from inputs and from initial conditions cannot be

separated.
· The input cannot be separated into elementary inputs and

the output will not be a composition of elementary out-
puts.

Properties
· A nonlinear system can have zero, one or multiple equi-

librium points s.t. f(xe, 0) = 0.
· In contrast to linear systems that require infinite time to

go to infinity, nonlinear systems can go to infinity in
finite time.

· Nonlinear systems may generate permanent oscillations of
fixed amplitude - limit cycles - independent of initial con-
ditions.

· Nonlinear systems can generate outputs at frequencies
that are submultiples or multiples of the input frequency
(Subharmonic oscillations).

· Deterministic nonlinear systems can generate chaos.
11.2 Lyapunov Stability Theory

Lyapunov’s theorem only gives a sufficient condition for sta-
bility
· If we can find a Lyapunov function, then we know the

equilibrium is stable.
· However, if a candidate Lyapunov function does not sat-

isfy the conditions in the theorem, this does not prove that
the equilibrium is unstable.

General Lyapunov functions are
· Energy
· Quadratic Lyapunov functions are commonly used; these

can be derived from linearization of the system near equi-
librium points.

· “Sum-of-Squares” (SoS) methods can be used to construct
polynomial Lyapunov functions

11.2.1 Types of Stability
Assuming u = 0, xe = 0, then in the equilibrium xe of the
system

ẋ = f(x)

one has
f(xe) = 0

The equilibrium is said to be
· Stable in the sense of Lyapunov

‖x(0)‖ < δ ⇒ ‖x(t)‖ ≤ ε, ∀t ≥ 0, δ > 0, ε ≥ 0

· Asymptotically stable

‖x(0)‖ < δ ⇒ lim
t→+∞

x(t) = 0, δ > 0

· Exponentially stable

‖x(0)‖ < δ ⇒ ‖x(t)‖ < βe−αt, ∀t ≥ 0, α, β, δ > 0

11.2.2 Lyapunov Functions
Lyapunov functions are, in a sense, a notion of energy: non-
negative, minimized (0) only at the equilibrium point and non-
increasing along all trajectories.
For a given compact subset D of the state space containing
xe, a Lyapunov function is defined as

V : D → R 7→ V (x)

If this Lyapunov function satisfies

V (x) ≥ 0 ∀x ∈ D

V (x) = 0⇔ xe = x (if and only if)

V̇ (x(t)) = ∂V (x)
∂x

∂x(t)
∂t

=
∂V (x)
∂x f(x) ≤ 0 ∀x(t) ∈ D

the equilibrium point xe is stable in the sense of Lya-
punov. Remember that V is defined on a set containing xe.
Futhermore, xe is asymptotically stable if

V̇ (x(t)) = 0⇐ x(t) = xe (only if)

Finally, xe is exponentially stable if

V̇ (x(t)) < −αV (x(t)), α > 0

Global Stability
According to the Barbashin-Krasovski theorem, to ensure
global stability (not necessarily asymptotical or exponential),
i.e. D = Rn, a Lyapunov function V satisfying the aforemen-
tioned three properties additionally needs to be radially
unbounded:

‖x‖ → +∞⇒ V (x)→ +∞

Remarks
· If there could be multiple equilibrium points one needs to

use LaSalle.
· V (x) = 0 must hold in any equilibrium point, even if there

are more then one.
· If one has more than one state vector, then

V̇ =
∑
i

∂V (xi)

∂xi

∂xi(t)

∂t

· For asymptotical stability, given V̇ (x(t)) = 0 we know that
the system is in the only equilibrium point.

11.2.2.1 Indirect Method
For a linear system

ẋ = Ax

A common choice is a quadratic Lyapunov function

V (x) = xT Px

where P is symmetric and positive definite matrix.
The Derivation along trajectories is given by

V̇ (x) = xT
(
AT P + PA

)
x = −xT Qx

An appropriate matrix P defining the desired Lyapunov func-
tion can be found by solving

AT P + PA = −Q

This is called the Lyapunov Equation.
Remark
The solution P of the LQR Riccati equation fulfills the criteria
of a Lyapunov function V (x) = xT Px.
Hartman-Grobman Theorem
According to the Hartman-Grobman Theorem, a lin-
earized system

A =
∂f(x)
∂x

∣∣∣∣
x=0

with no unstable pole behaves qualitatively the same as the
nonlinear around the equilibrium point.
As a result, the Lyapunov function of the linear system also
describes the nonlinear system for sufficiently small devia-
tions from the equilibrium point.
11.2.3 LaSalle’s Invariance Principle

LaSalle’s invariance theorem is useful if Lyapunov stability is
given by the existence of a Lyapunov function but V̇ = 0 not
only at xe:
· Let Ω ⊂ D be a compact positively invariant set w.r.t. ẋ

(x stays in the set) i.e., x(t0) ∈ Ω⇒ x(t) ∈ Ω ∀t ≥ t0.
· Let V : D → Rn, such that V̇ (x) ≤ 0 ∀x ∈ Ω.
· Let E =

{
x : V̇ (x) = 0

}
⊂ Ω (possibly multiple pts.).

▷ Then every solution starting in Ω approaches M ⊂ E
(largest invariant set in E) as t→∞.

▷ This proves asymptotic stability.

M ⊂ E ⊂ Ω ⊂ D ⊂ Rn

Procedure
1. Find the largest invariant set E =

{
x : V̇ (x) = 0

}
2. Plug the found set E into the dynamics of the system and

check if the system can “escape” this set.
Remarks
· For the pendulum with Lyapunov function V̇ = −cθ̇2, one

has multiple states (turning points) where V̇ = 0 namely
whenever θ̇ = 0. However the only invariant θ̇ = 0 is the
one in the origin (when the pendulum stopped).

11.3 Control Lyapunov Functions
If a Control Lyapunov Function (CLF) exists, it provides a
way to construct a stabilizing feedback with an appropriate
control input ũ (Artstein’s Theorem).
A CLF satisfies

V (x) ≥ 0 positive definite
V (x) = 0⇔ x = 0 radially unbounded

d

dt
V (x, ũ(x)) = ∂V (x)

∂x f(x, ũ(x)) ≤ 0 ∀x 6= 0

i.e. using the control input u, V becomes a Lyapunov func-
tion. In the following methods, one aims to find a control
Lyapunov function to prove stabilizing behavior with a spe-
cific control input.
11.3.1 Gain Scheduling

In gain scheduling, the state space is partitioned into disjoint
subspaces and for a number of design equilibria (xi, ui) nom-
inal control laws Ki are designed using the aforementioned
techniques.
The dynamics of the system around a equilibrium point xi

can be approximated by

ẋ = Ai(x− xi) + Bi(u− ui)

11.3.1.1 Common Lyapunov Function
The stability of

u = ui + Ki(x− xi)

in all regions i can be proven by finding a common Lyapunov
function

V (x) = min
i

(x− xi)
TP(x− xi)

· Note however, that this is not always possible.
· This means that, even if one designs a specific controller

for each region, the CL could still be unstable.
11.3.2 Multiple Lyapunov Functions

Another option is to consider multiple Lyapunov-like func-
tions Vi with corresponding sets Xi that satisfy
· positive definite in Xi

· V̇i(x) ≤ 0 when x ∈ Xi

Then, define Vi[k] as infimum taken by Vi in the given time
interval and check if the system satisfies the sequence non-
increasing condition:

Vi[k + 1] < Vi[k] ∀k ∈ N

Rationale
Assuming the system can move from region to region, we look
at all time intervals where the system is in a certain region
Xi. We want to have the Lyapunov function decreased every
time the system reenters a certain region again. Defining Vi

as infimum (largest lower bound), we have stable behavior if
the infimum decreases at every re-entry of region Xi.
11.3.3 Linear Parameter-Varying (LPV) Systems

A third option is to rewrite the nonlinear system in a “linear”
fashion with slow varying parameter σ(x)

ẋδ = A(σ(x))xδ + B(σ(x))uδ

{
xδ = x− xe(σ(x))
uδ = u− ue(σ(x))

Lyapunov Condition for LPV
This system is exponentially stable if

Ā(σ)
TP + PĀ(σ) +

∑
ρi
∂P(σ)
∂σi

< 0,


σ(t) ∈ S

σ̇(t) ∈ R

∀σ ∈ S, ρ ∈ R

In other words, the existence of a family of positive matrices
P(σ) (common Lyapunov functions) prove the systems expo-
nential stability.
LPV Controllers
· One assumes σ is measurable
· Then, one will design a stabilizing controller for every σ
· LPV can be imagined as continuous gain scheduling: one

has controllers depending on a (possibly infinite) number
of σs instead of a number of equilibrium points

11.3.4 Backstepping Control
Backstepping is a form of cascaded control where a control
input u is chosen s.t. the output z of the outer loop stabilizes
the inner loop:

ẋ = f0(x) + g0(x)z inner loop
ż = f1(x, z) + g1(x, z)u outer loop

where the inner system has an equilibrium point in x = 0, z =
0.
Assuming the inner system is stable for a certain z = u0(x)
then

d

dt
V0(x) = −W (x) < 0

Then, in order to ensure stability, Lyapunov stability of the
error e = z−u0 needs to be established. The error evolves as

ẋ = f0(x) + g0(x)u0(x) + g0(x)e,

ė = f1(x, z) + g1(x, z)u︸ ︷︷ ︸
ż

− ∂u0(x)
∂x

ẋ︷ ︸︸ ︷
(f0(x) + g0(x)z)︸ ︷︷ ︸

u̇0(x)

= v

Then, the Lyapunov candidate

V1(x, e) = V0(x) +
1

2
e2
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satisfies
d

dt
V1(x, e) = −W (x)− k1e2 < 0, ∀(x, e) 6= 0

if one cleverly picks

v = −∂V0(x)
∂x g0(x)− k1e, k1 > 0

and thus proves the stability of the “error” system.
Using u̇0 = ż − ė one finally finds the stabilizing control law
as

u1(x, z) =
1

g1(x, z)

(
∂u0(x)
∂x (f0(x) + g0(x)z)− f1(x, z)

−∂V0(x)
∂x g0(x)− k1(z− u0(x))

)
Remarks
· The control input u affects z, which in turn affects x
· One assumes that the inner system is easily controllable

by u0 e.g. because
· it is linear
· one can find a control Lyapunov function for it

· The idea can be extended to multiple nested systems
11.3.4.1 Recursive Backstepping

The same approach can be used recursively as

ẋ = f0(x) + g0(x)z1,
ż1 = f1(x, z1) + g1(x, z1)z2,

...
żm = fm(x, z1, . . . , zm) + g1(x, zm)u

11.4 Feedback Linearization
Feedback linearization is an approach based on a change of
variables, transforming the nonlinear system into a linear one
(seen from the controller perspective). In other words the
nonlinearity gets “hidden” in a transformed input signal.
In order to apply this technique the system needs to be dif-
ferentially flat with a flat output (see Section 11.4.1).
To find the input transformation that linearizes a system of
the form

ẋ = f(x) + g(x)u
y = h(x)

the output y has to be differentiated γ times, where γ (the
relative degree) is the smallest number (if it exists) such that

LgL
γ−1
f h(x) 6= 0

with

Lfh(x) :=
∂h

∂xf(x)

Lgh(x) :=
∂h

∂x g(x)

L2
fh(x) := Lf (Lfh(x)) =

∂Lfh(x)
∂x f(x)

LgLfh(x) := Lg(Lfh(x)) =
∂Lfh(x)

∂x g(x)

where Lfh(x) and Lgh(x) are called the Lie derivatives of
h(x) in direction f or g respectively.
The system then can be transformed into a (virtually) linear
system

dγy
dtγ

= v

by choosing a physical input

u =
1

LgL
γ−1
f h(x)

(−Lγ
fh(x) + v)

A (linear, “virtual”) realization of this system is given by

ẋ =


0 1 0 · · · 0
0 0 1 · · · 0
...

...
... . . . ...

0 0 0 · · · 1
0 0 0 · · · 0

 x +


0
0
...
0
1

 v

y =
[
1 0 · · · 0

]
x

Explicit examples for γ = 1

ẏ = Lfh(x) + Lgh(x)u
ẏ = v

u =
1

Lgh(x)
(−Lfh(x) + v)

and for γ = 2

ÿ = L2
fh(x) + LgLfh(x)u

ÿ = v

u =
1

LgLfh(x)
(−L2

fh(x) + v)

Remarks:
· Only works for controllable systems
· The actuator basically cancels out the behavior of the orig-

inal system to replace it with the designed linear one.
· This has the disadvantage that potential good character-

istics of the nonlinear system (like damping) get actively
canceled out.

· One can imagine the FB linearization as controlling a vir-
tual linear system with control input v but under the hood
applying a cleverly chosen physical control input u.

· Feedback linearization provides an exact linear model of
a nonlinear system. Not like the Jacobian-Linearization
which linearizes the system around an equilibrium point.

11.4.1 Differental Flatness
A dynamic system

ẋ = f(x, u)
y = h(x, u)

is differentially flat, with flat output y, if one can compute
the state and input trajectories as a function (map Ξ) of the
flat outputs and a finite number of derivatives.

(x, u) = Ξ(y, ẏ, . . . , y(m))

11.4.1.1 Differental flat systems

11.4.2 Feedback control of differentially-flat systems
The geometric property of differential flatness allows to com-
pute the input control signal and the internal state of a system
given a desired, sufficient differentiable output trajectory. A
problem arises if the actual initial state does not match the
computed initial state. This deviation can be controlled by
introducing a feedback loop into the virtual signal v depend-
ing on the desired output yd

v = y(γ)
d +K


yd − y
ẏd − ẏ

...
y(γ−1)
d − y(γ−1)


or the desired internal state xd

v = y(γ)
d +K


xd − x
ẋd − ẋ

...
x(γ−1)
d − x(γ−1)


Remarks:
· Due to the coordinate transformation it becomes hard to

check the control input e.g. for saturation bounds.
· The feedback is non-proper, i.e., it contains a number of

differentiators that is equal to the relative degree
· The closed-loop dynamics are (internally) stable iff the zero

dynamics are stable, i.e., if the system is minimum phase.
11.4.3 Zero dynamics

Checking for Asymptotic Minimum Phase

If it is possible to find an input u0(x) that satisfies

y = ẏ = · · · = y(γ) = 0

the zero dynamics (if they exist) are given by

ẋ = f(x) + g(x)u0(x)

Given an equilibrium point f(x0) = 0 with zero output
h(x0) = 0, if the zero dynamics for the equilibrium point
x0, i.e.

ẋ = f(x0) + g(x0)u0(x0)

are asymptotically (exponentially) stable, the system
is said to be asymptotically (exponentially) minimum-
phase.
Breaking Condition
If the system is not minimum-phase, the feedback lineariza-
tion approach does not ensure internal stability of the closed-
loop system, i.e., there are “unobservable modes” that are
unstable.
12 Model Predictive Control (MPC)

For a discrete-time nonlinear control system of the form

x[k + 1] = f(x[k], u[k])
y[k] = h(x[k], u[k])

a general description of the cost function and the constraints
with the horizon length H can be formulated as following

min
u[0],...,u[H−1]

JH(x, u) :=
H−1∑
k=0

g(x[k], u[k])

x[k + 1] = f(x[k], u[k])
x[0] = x0

x[k] ∈ X

u[k] ∈ U

k = 0, . . . , H − 1

By solving these equations one can obtain the best control
input u for the next step. This is then done over and over
again.
The remaining costs from k = H, . . . ,∞ are called the tail. If
the prediction is too short-sighted (hence the tail is too large)
the system can get unstable. To fix this, one can
· shorten the tail (enlarge the horizon). This introduces

more computational effort each step.
· make the tail zero (or sufficiently small). See Section 12.1.
· replace the tail with an estimate. See Section 12.2.
The formulation becomes

min
u[0],...,u[H−1]

JH(x, u) :=
H−1∑
k=0

g(x[k], u[k])+V (x[H])

x[k + 1] = f(x[k], u[k])
x[0] = x0

x[k] ∈ X

u[k] ∈ U

x[H] ∈ XH

k = 0, . . . , H − 1

12.1 Terminal Constraints
If the state is forced to an equilibrium at the end of the hori-
zon it will remain there and the tail will have no further
effect. On the downside this may put excessive pressure on
the actuators/control effort.
12.2 Terminal Cost

The best terminal cost estimate would be V = J∗∞ the cost
from the end of the horizon up to infinity.
Because this is not determinable we are looking for a global
Control Lyapunov Function (CLF) such that

V (x) ≥ cv‖x‖2

and
min
u

(V (f(x, u)) + xT Qx + uT Ru) ≤ 0 ∀ x

which is an upper bound for the optimal cost

V (x) ≥ J∗∞(x)

If we ensure that the terminal cost of the next step V (f(x, u))
is less or equal to the current terminal cost V (x) we get a sta-
bilizing control law.
However, the MPC control law will have better performance
– if not optimal, i.e.

J∗∞(x) ≤ J∗H(x) ≤ J∗CLF (x)

An example of a CLF candidate may be given by the solution
P of the Algebraic Riccati Equation of the LQR problem, i.e.,
given V (x) = xT Px.
12.3 Solving the Finite Horizon Optimization

For an unconstrained, differentiable and convex optimization
problem one can
· set the gradient to zero to find the stationary points.
· use a gradient descent method.
In most cases one deals with limiting constraints. To incorpo-
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rate these into the cost function a so called barrier function
is added.

V (x, u)− log(−c(x, u))

Note that the function c is defined in a way such that

c(x, u) ≤ 0

Hence the barrier function is not defined for (x, u) not sat-
isfying the constraints, and it becomes very large when ap-
proaching the boundaries of the constraint set.
To solve this kind of optimization problem the barrier
interior-point method can be used.
12.3.1 Barrier Interior-Point Method

Interior point methods solve convex problems of the form

min f0(x)
s.t.: fi(x) ≤ 0, 0 = 1, . . . ,m

Ax = b

where the scalar functions f0, f1, . . . , fm are convex and twice
differentiable.
The problem is converted into a minimization with affine
equality constraints by adding barrier functions in the fol-
lowing way

min f0(x)−
1

t

m∑
i=1

log(−fi(x))

s.t.: Ax = b

As t → +∞, the objective function gets closer to f0, but
diverges very steeply at the boundary of the feasible set.
The problem is then solved iteratively using gradient descent
or Newton method for t = µkt0 with t0 > 0, µ > 1 where k
is the iteration variable. The solution of the pervious step is
used as a starting point for the next step.
Remarks:
· The sequence of intermediate optimal solutions forms what

is known as the central path, which is always contained
in the interior of the feasible set.

· This method terminates with O(
√
m) time.
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13 Appendix

13.1 Matrices
13.1.1 Matrix Properties

Orthogonal Matrix

UTU = UUT = I U ∈ Rn×n

Unitary Matrix

UHU = UUH = I U ∈ Rn×n

· preserves the euclidean norm:

‖Ux‖2 = ‖x‖2 ∀x ∈ Cn

Hermitian Matrix
S = SH

For any
A ∈ Rm×n

both

AHA ∈ Rn×n

AAH ∈ Rm×m

are hermitian, positive semi-definite and their eigenvalues are
real and non-negative.
· For every hermitian matrix S exists a unitary matrix U s.t.

UHSU is a diagonal matrix.
· In other words, unitary matrices can diagonalize hermi-

tian matrices which is what one uses for SVD.
A is symmetric

AT = A
AH = A∗

A is invertible

(AT)
−1

= (A−1)T

(AH)
−1

= (A−1)H

A is square

eigvals(AT) = eigvals(A)

eigvals(AH) = eigvals(A)
∗

eigvals(A−1) = eigvals(A)
−1

Blocks A11 · · · A1n

...
...

Am1 · · · Amn


H

=

AH
11 · · · AH

m1
...

...
AH

1n · · · AH
nm


13.1.2 Matrix Algebra

Taken from Petersen & Pedersen, The Matrix Cookbook
Basic Rules

AH =
(

AT
)∗

(
AT

)T
= A

(
AH

)H
= A

(
A−1

)−1
= A

(λA)T = λAT (λA)H = λAH (λA)−1 = λ−1A−1

(A + B)T = AT + BT (A + B)H = AH + BH

(AB)T = BTAT (AB)H = BHAH (AB)−1 = B−1A−1

det(AT) = det(A) det(AH) = det(A)∗ det(A−1) = det(A)−1

rank(AH) = rank(A) rank(A−1) = rank(A)

Derivatives
For any matrix Y(x)

∂YT

∂x
=

(
∂Y
∂x

)T

∂YH

∂x
=

(
∂Y
∂x

)H

∂Y−1
∂x

= −Y−1 ∂Y
∂x

Y−1

Disclaimer The following section uses Hessian notation for
derivatives. When using Jacobian notation, the following for-
mulas need be transposed.
For w ∈ Rd,A ∈ Rd×d and f : Rd → R

∂f

∂w =


∂f
∂w1...
∂f
∂wd

 ∈ Rd

∂wTw
∂w =

∂‖w‖2
∂w = 2w ∈ Rd

∂Aw
∂w = AT A ∈ Rd×d

∂wTA
∂w = A A ∈ Rd×d

∂wTAw
∂w =

(
A + AT)w A sym.

= 2Aw ∈ Rd×d

Matrix Exponential Function

eX =

∞∑
k=0

1

k!
Xk

Determinant

det(A) =

n∑
j=1

(−1)i+j︸ ︷︷ ︸
checkboard pattern

·ai,j · mi,j︸︷︷︸
minor: |submatrix of A|

Remark: Any row or column can be chosen (choose wisely:
0)
Inversion

A−1 =
adj(A)

det(A)

13.1.3 Specific Solutions
Adjoint of a 3× 3 matrix

adj(A) =



+

∣∣∣∣a22 a23

a32 a33

∣∣∣∣ −
∣∣∣∣a12 a13

a32 a33

∣∣∣∣ +

∣∣∣∣a12 a13

a22 a23

∣∣∣∣
−
∣∣∣∣a21 a23

a31 a33

∣∣∣∣ +

∣∣∣∣a11 a13

a31 a33

∣∣∣∣ −
∣∣∣∣a11 a13

a21 a23

∣∣∣∣
+

∣∣∣∣a21 a22

a31 a32

∣∣∣∣ −
∣∣∣∣a11 a12

a31 a32

∣∣∣∣ +

∣∣∣∣a11 a12

a21 a22

∣∣∣∣


=

a22a33 − a23a32 a13a32 − a12a33 a12a23 − a13a22

a23a31 − a21a33 a11a33 − a13a31 a13a21 − a11a23

a21a32 − a22a31 a12a31 − a11a32 a11a22 − a12a21


Inversion of a 2× 2 matrix

A−1 =
adj(A)

det(A)
=

1

a11a22 − a12a21

[
a22 −a12
−a21 a11

]
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